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Abstract

This paper analyzes the macroeconomic effects of fiscal policy in a stochastic endogenous

growth model. Due to externalities in human capital accumulation, the market allocation is

inefficient, thereby justifying government intervention. The uncertainty stemming from tech-

nological disturbances affects the growth rate, which can be explained by precautionary

motives of risk averse agents. Fiscal policy means consist of a consumption tax, investment

subsidies, and bonds. We obtain counter-acting growth effects of investment subsidies, which

are differentiated with respect to deterministic and stochastic capital income components. The

policy implications from the deterministic model are substantially extended in the stochastic

context. A general rule for a welfare maximizing policy is derived, which is represented by a

continuum of alternative tax-transfer-schemes. We discuss three benchmark cases, which cru-

cially differ with respect to their implications regarding the size of the government expenditure

share.
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1. Introduction

This paper is concerned with the macroeconomic effects of public tax-transfer

schemes within the context of a stochastic general equilibrium model. By extending

the widely used Romer (1986) learning-by-doing framework with productivity
shocks, we illustrate that the introduction of uncertainty goes along with interesting

implications for public intervention that may differ significantly from those derived

for the standard model. We derive conditions under which the optimal policy design

even is reversed in a risky environment when compared to the deterministic setting,

and find that this result can be attributed to two important factors: the ambiguous

impact of technological uncertainty on growth and the partially counteracting effects

of fiscal policy under risk.

The paper addresses two major issues. First, we focus on the impact of unpre-
dictable technology shocks on long-run growth. This area has lately gained new

attraction with an increasing amount of contributions; see Obstfeld (1994), Cazza-

villan (1996) and Smith (1996a). The extension of modern endogenous growth the-

ory with random disturbances suggests itself. It especially allows for a combined

analysis of growth and business cycle phenomena; see Jones et al. (1999), Collard

(1999) and Fatás (2000). In general, the argument stems from the endogeneity of

the growth rate, dependent on the fundamentals of the economy and now extended

by volatility as another key factor. For reasons which we will discuss below, the re-
sults from the theoretical and empirical work can be summarized in the simple

phrase �uncertainty matters�, and the model presented here will provide no excep-

tion to this rule.

Second, our paper adds to the extensive recent literature concerned with the effects

of fiscal policy on macroeconomic performance in stochastic growth models; see

Turnovsky (1993, 1995, 1999a,b, 2000), Smith (1996b), and Corsetti (1997). We de-

rive a general condition for an optimal policy and discuss alternative combinations

of fiscal instruments that suffice the requirement of maximum welfare. Our paper dif-
fers from the ones just cited to one major respect. These contributions suffer from the

shortcoming that usually the technology is restricted to reproducible factors of pro-

duction. To be more precise, either capital is the single factor of production or the

intertemporal flow of labor incomes is captured as lifetime human wealth, thus being

regarded as �quasi� accumulable. With the only exception of Clemens and Soretz

(1997, 1999), the authors do not explicitly consider stochastic labor incomes, thereby

ignoring the impact of different sources of income on growth. We assume both, cap-

ital and income risk, and point out the importance of distinct reproducible and non-
reproducible income sources for the analysis of macroeconomic growth and optimal

fiscal policy.

We investigate a Ramsey-type economy where the growth rate of the economy is

determined by the factors that affect individual savings. In this context it is only nat-

ural to consider the impact of technological shocks on capital accumulation. We

draw from Jones et al. (1999), who only recently brought the argument to attention

again that short-run fluctuations may have long-lasting effects on macroeconomic

trend variables. At a theoretical level, this can be explained by precautionary motives
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that may appear if agents are sufficiently risk averse. The analysis of precautionary

saving traces back to Leland (1968) and Sandmo (1970), and is empirically supported

by the work of Hubbard et al. (1994). In this context, uncertainty is a relevant factor

of the intertemporal savings decision of a risk averse individual. Precautionary sav-

ings are then characterized by a higher propensity to save when compared to a risk-
less environment, and can be regarded as self-insurance against future income risk.

We demonstrate that in a learning-by-doing growth model, this risk-induced accu-

mulation may even lead to excessive, that is suboptimally high growth.

The aggregate income risk assumed in this paper affects the macroeconomic equi-

librium in various ways and by this is a substantial determinant for the efficacy of

any tax-transfer policy. The argument of Domar and Musgrave (1944) and Stiglitz

(1969) will be important for our analysis, who pointed out that taxation of returns

to risky assets may actually increase the demand for those assets. This argument
can be carried over to investment subsidies which affect the mean as well as the vol-

atility of future capital incomes. We distinguish between two contrary effects: A rise

in expected return is an incentive to increase capital accumulation whereas a higher

riskiness discourages growth.

The agents of the Romer (1986) model neglect the external effect of human capital

accumulation. The private return to physical capital falls short of the social return.

Usually, a competitive equilibrium is characterized by a suboptimally high propen-

sity to consume and suboptimally low savings compared to the efficient path. But
additionally, now we have to account for capital volatility which also is underesti-

mated and causes the agents to increase savings towards a suboptimally high level.

From this we conclude that it is by no means obvious that the standard results for

an optimal policy continue to hold. An optimal policy might even be characterized

by growth depressing means.

The standard approach for this class of model is that growth should be enhanced

with a fiscal tax-transfer scheme that either discourages consumption via a consump-

tion tax or that works through investment incentives via an investment-tax credit or
a production subsidy respectively. We in general follow this line of argument by

assuming that government grants a production subsidy that is mainly financed out

of revenues from a consumption tax. We do not impose a balanced budget in every

period, thereby allowing the government to borrow and lend on the financial mar-

kets. In addition to the intertemporal allocation of consumption and saving, the

household then has to decide on the optimal structure of his portfolio of assets.

The policy parameters, the consumption tax rate as well as the production sub-

sidy, affect the optimal portfolio choice and the welfare maximizing propensity to
consume over time. But recalling the volatility argument from above, we demon-

strate that the policy implications known from the deterministic setting not necessar-

ily extend to the stochastic model. We show that the welfare effects from a change in

optimal consumption and portfolio choice can be summed up in the growth effects.

Although the welfare effect of a specific tax-transfer policy is ambiguous, it is possi-

ble to derive conditions for optimal policies. We demonstrate that these policies dif-

fer to the extent the underlying fiscal instruments are available to attain the optimal

allocation.
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The paper is organized as follows. Section 2 develops the model and presents the

results from individual optimization. In Section 3, the macroeconomic equilibrium is

derived. We focus on the specific incidence of tax and transfer parameters on the

equilibrium value of the expected growth rate. Section 4 is devoted to the question

of optimal policies. We discuss several benchmark cases. Section 5 briefly summa-
rizes the results.
2. The model

The representative firm produces a homogeneous good according to the stochastic

Cobb-Douglas technology

dY ðtÞ ¼ cKðtÞa½LðtÞAðtÞ�1�a½dt þ rdyðtÞ�; a 2 ð0; 1Þ; c > 0: ð1Þ
The instantaneous output dY(t) is subject to an economy-wide productivity

shock. 1 dy(t) is a serially uncorrelated increment to a standard Wiener process with

zero mean and variance dt. The population is assumed to be constant. Labor L(t) is
supplied inelastically and normalized to unity. K(t) is the stock of physical capital.

The production function of the representative firm has constant returns to scale with

respect to capital and labor. Due to the productivity shock, the returns from the two

privately owned factors of production are stochastic. In terms of Sandmo (1970), the

household is subject to a capital and an income risk. Following Romer (1986), A(t)

represents the stock of technical knowledge of the economy. It displays the charac-

teristics of a public good and is enhanced by investment in physical capital. In equi-

librium, A(t) is equal to K(t). On the aggregate level, the production function is linear
in the reproducible factor, thereby inducing ongoing growth of per-capita incomes.

At each instant of time the mean and variance of the conditional distribution of dY

depends on the existing capital stock. For this reason, current shocks will have long-

lasting effects on the output process to the extent that they affect capital accumula-

tion over time.

We specify a linear aggregate tax function of the following form:

dT ðtÞ ¼ sCðtÞdt; s 2 ½0; 1�; ð2Þ
where dT(t) denotes the flow of tax revenues, C(t) is instantaneous consumption of

time t and s is a time-invariant tax rate. Because we assume labor to be inelastically

supplied, there is no labor–leisure choice and the economic effects from a taxation of

wage incomes do not differ from taxing consumption. Wage taxes then can be ne-

glected without loss of generality.

The agents revenues out of physical capital are subsidized. In following Eaton

(1981), we posit that the government is able to subsidize capital returns at separate,
time-invariant rates, hd, hs, in order to distinguish between permanent and transitory

capital incomes. This assumption captures the idea that investments are treated dif-
1 Y(t) denotes the cumulative production of time t.
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ferently, depending on the associated risk. In the proceedings of German reunifica-

tion, for instance, high-risk subsidies were one of the incentives to promote invest-

ment in the former GDR. The transfer flow dH(t) is specified by

dHðtÞ ¼ hdrKKðtÞdt þ hsK dzK : ð3Þ
rK denotes the pre-transfer expected return on physical capital while dzK represents

the corresponding stochastic process.

The households have two options to invest, either in physical capital or in govern-

ment bonds. Budget deficits are financed by issuing perpetuities paying an instanta-

neous riskless nominal interest rate measured in units of output. Note that B(t) is not

necessarily positive, as the government can become a net creditor to the public.

Throughout the paper, we will assume that the government is able to precommit it-
self to a given policy, announced and immediately effective at t = 0. Thus, it will not

be necessary to address time-consistency issues. Wealth W(t) of a single agent is the

sum of the holdings of the two assets:

W ðtÞ ¼ BðtÞ þ KðtÞ: ð4Þ
The initial value of physical capital, K(0) = K0, and the number of bonds, b0, are

exogenously given whereas the initial market value of government bonds
B(0) = p(0)b0 is endogenously determined. Due to the productivity shock the market

price of bonds as well as factor incomes are random.

The economy is populated with many identical, infinitely lived households, char-

acterized by a time-separable utility function in consumption only. The agent max-

imizes her intertemporal expected utility according to the following program taking

prices, tax and transfer rates as given:

max
C;n;W

E0

Z 1

0

U ½CðtÞ�e�bt dt ð5Þ

s:t: dW ¼ f½ð1 � nÞrB þ nð1 þ hdÞrK �W þ x � ð1 þ sÞCgdt þ dw; ð6Þ

with K(0) > 0, y(0) = 0. E0 is the expectations operator conditional on the informa-

tion at time t = 0 and b is the rate of time preference, positive by assumption. The

expected returns to financial and physical capital are given by rB and rK, while x de-

notes the expected wage rate. The corresponding stochastic processes are dzK, dzB,

dzL, which determine the stochastic wealth process

dw ¼ W ðð1 � nÞdzB þ nð1 þ hsÞdzKÞ þ dzL:

The portfolio share of physical capital is given by n. Consumption C(t) is assumed to

be instantaneously deterministic. The current period utility function U[C(t)] is

strictly concave and of the isoelastic form:

U ½CðtÞ� ¼
CðtÞ1�q

1 � q
if q > 0; q 6¼ 1;

lnCðtÞ if q ¼ 1:

8<
: ð7Þ

The parameter q denotes the Arrow/Pratt-index of relative risk aversion and is as-

sumed to be constant.
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3. Macroeconomic equilibrium

We will now proceed with the description of the competitive equilibrium alloca-

tion conditional on given policy parameters, while the analysis of optimal fiscal pol-

icy will be deferred to the next section.
Under the assumption of isoelastic preferences—in a risky environment repre-

sented by constant relative risk aversion—the optimal household behavior in the

market equilibrium displays two well-known characteristics: First, consumption

and wealth grow at a common rate. 2 Consequently, the propensity to consume

out of wealth l will be constant:

CðW ; tÞ ¼ lW ðtÞ: ð8Þ
Second, the optimal portfolio allocation is invariant with respect to wealth, which

implies constant portfolio shares on the steady state growth path.

We assume perfect competition in the factor markets. The factor returns can then

be determined by using the first-order conditions of the firm problem. Additionally,

in equilibrium, the stock of knowledge equals the economy-wide stock of capital.

Then, the expected wage rate and the expected rental rate of physical capital are gi-

ven by the usual marginal productivity conditions, that is,

rK ¼ ac and x ¼ ð1 � aÞcK: ð9Þ
Eq. (9) displays the well-known result of Romer (1986). Due to the capital exter-

nality, the private return to capital falls short of the social return. Because the aggre-

gate productivity shock is the only source of uncertainty in the economy, the

stochastic processes of the factors of production, dzK and dzL, are perfectly corre-

lated with the output shock.

Market clearing requires dK = dY � Cdt. From this follows immediately the
stochastic accumulation equation of the capital stock. Aggregate capital evolves

according to

dK
K

¼ c � l
n

� �
dt þ crdy: ð10Þ

In order to derive the equilibrium conditions, it is necessary to establish the public

sector budget constraint. The government deficit or surplus is the residual from tax

receipts and transfers net of interest payments. We employ Eqs. (2), (3), (8) and (9) in

order to describe the stochastic growth rate of the market value of government

bonds:

dB
B

¼ rB þ
hdacn
1 � n

� sl
1 � n

� �
dt þ dzB þ

acrhsn
1 � n

dy: ð11Þ

The value of the outstanding stock of debt must equal the present discounted value

of the expected flow of present and future primary surpluses. The opposite argument
applies if the public sector runs a budget surplus.
2 The details of optimization are given in the appendix.
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The tax revenues from the consumption tax are instantaneously deterministic

whereas subsidy payments vary with the realizations of the technology shock. In or-

der to balance the government budget at each instant of time, the value of outstand-

ing government bonds has to be stochastic too. Given the assumptions of a sure

nominal interest rate and a fixed initial stock of bonds issued, as stated in the previ-
ous section, this implies a stochastic market price of bonds which entirely absorbs

the impact of the technological disturbances. Altogether, the real rate of return on

bonds is random. If, for instance, a positive realization of the productivity shock re-

quires a large amount of subsidy payments, the market price of bonds adjusts cor-

respondingly. Hence, it does not become necessary to change the volume of

emitted bonds.

The stochastic process of the market value of government debt, dzB, is then deter-

mined endogenously by the constant portfolio share of bonds together with Eq. (10).
The first-order conditions of the consumer optimization problem, the conjecture for

optimal consumption (8) and the asset pricing relationship can now be employed to

derive the equilibrium real rate of return on bonds (see (A.2) and (A.3) in the

appendix):

rB ¼ acð1 þ hdÞ þ qc2r2 1 � a � ahs

1 � n

� �
for n 6¼ 1; ð12aÞ

rB ¼ acð1 þ hdÞ � qac2r2 for n ¼ 1: ð12bÞ
From (12) follows that the expected net-rates of return on equity and bonds differ

to the amount of the risk premium which is negative, if physical capital is the riskier

asset and vice versa. In this context it is important to stress that a sure nominal inter-

est rate on bonds not necessarily implies the asset to be less risky. As already men-

tioned above, the stochastic market value of government bonds additionally has to
be taken into account. If the government decides not to subsidize transitory capital

incomes, that is hs = 0, the limiting case n = 1 may occur. Eq. (12b) corresponds to

the situation where the agents invest entirely in physical capital. In this case, the

equilibrium value of the expected interest rate on bonds is derived via an arbitrage

argument. The interest rate rB then takes on a value at which no agent would be will-

ing to invest in government bonds. They regard bonds as an unattractive asset and

the market value of outstanding bonds is zero.

Given the functional forms of technology (1) and of instantaneous felicity (7) it is
now possible to obtain closed-form solutions for the optimal consumption and port-

folio choice:

ð1 þ sÞl ¼ b
q
þ q � 1

q
acð1 þ hdÞ þ ð1 � aÞcn

þ c2r2 ð1 � qÞahs þ qð1 � nÞð1 � aÞ þ a � q þ 1

2

	 

; ð13Þ

n ¼
b � ð1 � qÞðw � 1

2
qc2r2Þ

cðs þ aÞ � ð1 þ sÞw þ qc2r2ð1 � aÞ : ð14Þ
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These equations show that in equilibrium the portfolio shares and the propensity

to consume out of wealth are time-invariant functions of the underlying parameters,

if in addition the expected growth rate of the economy, w = E(dW)/(Wdt), is also

constant. From the expression for the consumption–wealth ratio (13) it becomes

obvious that the optimal consumption and portfolio choice are interdependent. Even
in the limiting case of logarithmic preferences, that is q = 1, the optimal value of the

propensity to consume is affected by the portfolio share n. This result can explicitly

be attributed to the presence of labor income risk in this model. 3

The optimal portfolio share of physical capital (14) can be expressed as a function

of the expected growth rate w. For any change in tax-transfer policy the portfolio

share adjusts correspondingly. The portfolio share of financial wealth can be ob-

tained residually and is allowed to be of either positive or negative sign. With the

optimal choice of n, the initial value of wealth and the initial market value of gov-
ernment bonds in terms of the initial capital stock K0 and the endogenously deter-

mined portfolio shares can be determined:

W ð0Þ ¼ K0

n
and Bð0Þ ¼ 1 � n

n
K0: ð15Þ

In case of n > 1 the government is net-lender to the public. The present value of
primary surpluses has to suffice to pay off existing debt, which corresponds to

B(0) < 0. Otherwise, the intertemporal government solvency constraint will not be

met. The government uses its interest income from being a creditor to the private sec-

tor to finance its continuous deficit. With financial wealth growing at the constant

expected growth rate, this implies a negative stock of bonds at all points of time.

Hence, the insights from debt policy as discussed by Turnovsky (1996) for the deter-

ministic setting or Corsetti (1997) apply. The case of Ponzi-games can be ruled out, if

the standard transversality condition for dynamic optimization problems is met. 4

From the market clearing condition (6), the expected steady state growth path can

be obtained as follows:

w ¼ 1

q
½acð1 þ hdÞ � b� þ c2r2 q þ 1

2
� að1 þ hsÞ

	 

: ð16Þ

The expected growth rate of the economy is the sum of two components: The first

resembles the growth rate of the deterministic Arrow–Romer model while the second

reflects the agent�s optimal response to technological risk. 5 The expected growth

rate will exceed the deterministic growth rate if the agent has a motive for precau-

tionary saving, i.e. if she is sufficiently risk averse. From this can be seen that current

shocks may have long-lasting effects on the macroeconomic trend. Apart from the
3 In the presence of a pure capital risk, the propensity to consume would reduce to (1 + s)l = b for

logarithmic preferences. The intertemporal income and substitution effects exactly offset in this case, and

the propensity to consume is unaffected by risk. This case is often referred to as �certainty equivalence�.
4 See eq. (A.5) in the appendix.
5 Obviously, the growth rate of the deterministic setting corresponds to the case r = 0.
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individual risk and time preferences the subsidy on permanent capital income hd as

well as the subsidy on transitory capital returns hs affect expected growth. The re-

sponse of the expected growth rate to a change in the policy parameters is given by

ow
ohd

¼ 1

q
ac > 0; ð17aÞ

ow
ohs

¼ �ac2r2 < 0; ð17bÞ

ow
os

¼ 0: ð17cÞ

Net-capital returns determine the amount of individual savings and hence the

long-run growth rate of the economy. By subsidizing capital returns, the mean as

well as the volatility of capital income are affected. The positive growth effect of a

rise in hd corresponds to the economic channel that eliminates the external effect

in the deterministic setting. The real rate of return on physical capital increases, caus-

ing investment to be more attractive. In contrast to this, a rise in hs raises the vari-
ance and the associated risk of the return on capital. Therefore, the fraction of

physical capital in the portfolio of assets declines, which implies lower expected

growth. In terms of Rothschild and Stiglitz (1970), this case represents a mean pre-

serving spread which causes physical capital to be less attractive.

The results of Domar and Musgrave (1944) and Stiglitz (1969) regarding the tax-

ation of risky assets apply. They pointed out that taxation with full loss-offset pro-

vision can actually increase the demand in risky assets. In the context of investment

subsidies (i.e. negative tax rates) considered here, clearly the opposite holds.
The partial derivative (17c) shows that the consumption tax does not affect accu-

mulation. This is a well-known result from the analysis of tax incidence in dynamic

representative agent models. Here, labor supply is inelastic and the consumption tax

affects the consumption opportunities of all periods to the same extent. For these

reasons, there neither is a distortion of the relative price between consumption

and saving nor a distortion of the labor–leisure choice. The consumption tax

amounts to a lump-sum tax.

Other things equal, an increase in the consumption tax rate reduces the value of
the propensity to consume out of wealth (13), thereby reflecting a decrease in the

consumption opportunities. This naturally would have a negative impact on lifetime

utility in a partial equilibrium context. Nevertheless, in a dynamic general equilib-

rium model both sides from the government budget constraint have to be taken into

account. Consequently, a rise in tax revenues is always accompanied by an increase

in government expenditures. This increases long-run consumption opportunities

either by (17a) or by a corresponding adjustment in the bond return (12).

In order to discuss the macroeconomic effects of alternative policy designs from a
welfare point of view, it is necessary to consider lifetime utility of a representative

agent as specified by (5) evaluated along the competitively chosen path. By (8), indi-

rect utility depends on individual wealth. In equilibrium, wealth is log-normally
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distributed and follows a random walk with positive drift. Starting from initial

wealth W(0) at time 0, time t wealth is given by

W ðtÞ ¼ W ð0Þeðw�1
2
c2r2ÞtþcryðtÞ: ð18Þ

This finally enables us to derive lifetime utility. According to the closed-form solu-

tions describing the macroeconomic equilibrium, (13), (14) and (16) as well as the ini-

tial values (15), welfare depends on the propensity to consume out of wealth, on the

expected growth rate, and on the optimal portfolio. Hence, the effect of any policy on

welfare can be assessed in terms of its impact on (i) the propensity to consume out of
wealth, (ii) the portfolio share of physical capital, and (iii) the expected growth rate

of the economy. Ceteris paribus, individual welfare increases with a rise in expected

growth or in the consumption–wealth ratio. An increase of the portfolio share of

capital is equivalent to a decrease in the demand for government bonds. This induces

a devaluation of initial wealth as can be seen from (15) and finally leads to a reduc-

tion of lifetime utility.

We utilize the market clearing condition (10) and substitute the consumption–

wealth ratio for l = n(c � w). Individual welfare is then given as follows:

V ½W ð0Þ; 0� ¼ K1�q
0 ðc � wÞ1�q

ð1 � qÞ½b � ð1 � qÞðw � 1
2
qc2r2Þ� ð19Þ

and V ½W ð0Þ; 0� ¼ ½b lnðc � wÞ þ w � 1
2
c2r2 þ b lnK0�=b2 for logarithmic preferences

respectively.

Since labor is assumed to be inelastically supplied, leisure is not an argument in

the utility function and there are no transitory dynamics. As already mentioned

above, any tax or transfer policy is immediately effective at time t = 0. For this rea-

son it is possible to draw direct comparisons between alternative steady states and

the associated welfare.
4. Optimal policy

In the preceding section we demonstrated that the growth effects of a change in

the transfer rates on the permanent and transitory capital returns are counteracting.

Hence, extending the learning-by-doing framework with technological uncertainty

gives rise to several questions concerning the design of an optimal tax-transfer

scheme: First, should permanent and transitory capital incomes be treated uniformly
or differently? Are risk-associated subsidies generally optimal? What are the conse-

quences for a welfare-maximizing fiscal policy, if transitory incomes are not observ-

able? Is the structure of government revenues crucial for the design of an optimal

policy?

From the literature on modern growth theory it is well-known that within the Ro-

mer (1986) setting individual optimization in the decentralized economy goes along

with a Pareto-inferior allocation. This result in general continues to hold in the

stochastic model, but with one additional feature. As the stock of knowledge is
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regarded as a constant within individual optimization, the expected marginal prod-

uct of capital falls short of the social return. This outcome is captured by the first

term of the expected growth rate (16). But moreover, the second term reflects that

the agents also underestimate the riskiness of capital incomes. For this reason,

risk-induced accumulation is too high. A correct perception of the volatility of cap-
ital returns, would imply a larger intertemporal substitution effect, thereby causing

lower expected growth. The two components of the expected growth rate sum up

to a situation where either growth of the competitive economy is suboptimally low

or inefficiently large compared to the Pareto-efficient allocation, the final outcome

depending on whether the first or the second effect dominates. This property of

the stochastic model is independent of any specific policy the government

undertakes.

In general, in the presence of human capital externalities, the socially optimal path
can only be achieved by means of fiscal intervention. In a deterministic world the

policy parameters chosen in this paper, i.e. an investment subsidy financed by reve-

nues from a consumption tax, are a sufficient policy mix to achieve Pareto-optimal-

ity. But, as we demonstrated above, the external effect as well as the subsidy has an

ambiguous impact on expected growth and consequently on welfare.

In a first step we will now characterize the conditions necessary to attain a first-

best allocation within the stochastic setting. The welfare effects of a change in the dif-

ferential transfer rates hi, i = d, s can be derived as follows:

oV ð0Þ
ohi

¼ K1�q
0 qðc � wÞ�q

½b � ð1 � qÞðw � 1
2
qc2r2Þ�2

ow
ohi

ðw � wÞ; ð20Þ

where w* denotes the Pareto-optimal expected growth rate. 6 From (20) it is possible

to derive a condition for the design of optimal policies. The first term is positive for
feasible solutions of the model, because we require the propensity to consume and

likewise the portfolio share of capital to be positive. The second term depicts the

growth effects already discussed in Eqs. (17a) and (17b). It is of positive sign in case

of an increase in hd and negative with a rise in hs. The third term reflects the gap be-

tween competitive and Pareto-optimal growth and includes the case that risk as well

as fiscal policy may lead to either excessively high or too low growth.

Individual welfare increases (decreases) with a rise in the subsidy on permanent

(transitory) capital income, if the competitively chosen growth rate falls short of
the Pareto-optimal one and vice versa:

oV ð0Þ
ohd

7 0

dV ð0Þ
ohs

? 0

9>=
>; () w?w: ð21Þ
6 The socially optimal growth rate is derived by eliminating the external effect. In the set-up considered

here this is equivalent to the case of a = 1 in (16).
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From this follows immediately that the impact of any public policy on welfare is

entirely determined by its growth effects. The specific structure of government reve-

nues is of minor importance which reflects the typical Ricardian equivalence result in

a general equilibrium context. In order to maximize individual welfare, fiscal policy

has to be chosen in a way that the competitive growth rate equals the optimal one.
Under this condition, the general rule for an optimal policy can be expressed as

w¼! w ) h
d ¼ qcr2 h

s �
1 � a

a

� �
þ 1 � a

a
: ð22Þ

Eq. (22) displays one main result of our paper: The two transfer rates cannot be

chosen independently. An optimal policy scheme is characterized by a policy rule

that expresses one of the subsidy rates as a function of the other, h
d ¼ f ðh

s Þ, with

dh
d=dh

s > 0. A higher subsidy on random income parts is to be accompanied by

an equivalent increase in the subsidy on permanent capital returns. This result can

be explained with regard to the growth effects: Starting from a situation w < w*, a

rise in hs increases the riskiness of capital returns. This causes to a decline in the ex-
pected growth rate, thus moving it away from the Pareto-optimal one. This negative

effect has to be outweighed by an increase in hd which stimulates accumulation due to

a rise in expected capital income. The reverse argument applies for the case of

w > w*.

The opposite growth effects indicate that the two transfer rates may be set uni-

formly, but that this is not necessarily required for an optimal policy scheme. As

can be seen from Eq. (22), the interdependence between the subsidy rates leads to

a continuum of feasible optimal policies which is displayed in Fig. 1. The solid line
represents the optimal linear combination h

d , h
s in case of qcr2 < 1, that is relatively
θd

θs

A

B

C

B′

C′

θ∗
d θ∗

s=

Fig. 1. Optimal transfer-schemes.
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low risk. The dashed line displays the corresponding optimal subsidy rates for

qcr2 > 1.

If we now refer to the first question of this section, it is possible to show that the

economy is capable of attaining a welfare maximum with uniform transfer rates, but

furthermore, that there exists a continuum of optimal policies, all of them character-
ized by differing subsidy rates.

In the following, we will discuss three policies within this continuum. Policy A re-

flects the case of a flat-rate subsidy and can be viewed as a straightforward extension

of the deterministic model. Points B, B 0 and C, C 0 of Fig. 1 correspond to optimal

policies where either one of the transfer rates is set to zero. It is the special feature

of the stochastic model that government may achieve Pareto-optimal growth by sub-

sidizing investment in accordance with the associated risk. If, for instance, the gov-

ernment accounts especially for high-risk investment, stochastic capital returns have
to be subsidized at a higher rate than the deterministic ones. Policy B, B 0 focuses so-

lely on a subsidy on permanent (risk-less) capital incomes, whereas policy C, C 0 is the

polar case of a subsidy exclusively on transitory (risky) capital returns.

4.1. Flat-rate subsidy

We will now discuss the question of optimal policy if the government cannot dis-

criminate between transitory and permanent income parts and consider this as a
benchmark case. We solve for a flat-rate subsidy as in Corsetti (1997), that is

hd = hs = h.

The optimal subsidy can be determined as

h ¼ 1 � a
a

: ð23Þ

This outcome confirms the well-known result from the deterministic model. A

production subsidy at the rate h* completely offsets the distortions induced by the
knowledge spillover. It is unambiguously positive. The externality from human cap-

ital affects accumulation twofold: It is present in the expected capital incomes as well

as in capital volatility. On the one hand, the agents underestimate average capital

returns. This by itself leads to suboptimally low growth and is compensated by a pos-

itive subsidy on deterministic income parts. On the other hand, due to the external-

ity, the agents equally underestimate the riskiness of capital returns and ceteris

paribus accumulate too much. The subsidy on random income components offsets

this effect of overaccumulation and depresses growth. Despite the counteracting
growth effects of the two subsidies when considered separately, in the case of the

optimal flat-rate policy, these effects finally sum up to optimal growth.
4.2. Subsidy/tax on permanent capital returns

The next issue we address is, whether there exists a policy capable of supporting

the first-best allocation, if we exclude subsidies on transitory capital returns from the
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menu of admissible policy instruments. This situation might arise if the government

cannot perfectly monitor stochastic income parts.

Moreover, in an economy where either budget deficits or surpluses are not polit-

ically feasible or changes in labor income taxes cannot be forced through, the opti-

mal policy presented here is the only one that completely internalizes the distortion
in human capital accumulation. This is due to the fact that consumption as well as

tax revenues are instantaneously deterministic. A government budget balanced at

each instant of time with a market value of public debt equal to zero would then re-

quire deterministic expenditures. Consequently, transitory capital returns have to be

ruled out from subsidization.

From the assumption hs = 0 and Eq. (22) the optimal subsidy on permanent cap-

ital incomes can be derived as follows:

h
d ¼

1 � a
a

ð1 � qcr2Þ: ð24Þ

The optimal subsidy rate can be positive or negative. In the first case, if the impact

of the technology shock is not too large, the premium on risky capital returns is small

enough to preserve the general results of the deterministic setting. The growth dimin-

ishing effect of the externality offsets the growth enhancing effect. Accumulation in

total is suboptimally low and welfare maximizing growth is achieved by means of

subsidizing investment in physical capital.
The second case reflects a high-risk situation. As the agents underestimate the

riskiness of capital returns due to the knowledge externality, investment of the com-

petitive economy exceeds the Pareto-optimal level. Hence, the expected growth rate

is suboptimally high. In order to maximize welfare it is necessary to impose a tax on

physical capital, that is h
d < 0.

An important result is that the optimal subsidy is smaller than the uniform rate

derived in the preceding section as can be seen from point B in Fig. 1. This result

can be explained if we take the growth-depressing effect of hs into account. This effect
is inactive in the context considered here, hence subsidization can take place at a

smaller rate in order to accomplish optimal growth and welfare. Additionally, total

expected subsidy payments are lower within this policy design compared to expected

payments with uniform transfer rates. Expected subsidy payments even fall short of

payments necessary to completely internalize the knowledge spillover in the absence

of technological uncertainty, thereby implying a lower government expenditure

share. If instead permanent capital returns were to be subsidized at the higher uni-

form rate h* = (1 � a)/a, the distortions would not be completely offset. In this con-
text the equilibrium growth rate would remain suboptimally high accompanied by

the corresponding Pareto-inferior welfare level.

4.3. Subsidy/tax on transitory capital returns

The result from the preceding section suggests itself to discuss the opposite case

given by points C, C 0 in Fig. 1 where permanent capital returns are excluded from

subsidization, that is hd = 0. Now, the government focuses solely on transitory cap-
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ital incomes. This policy could contain for example subsidies on risky projects at

higher rates, in order to promote R&D and human capital accumulation.

The optimal transfer rate on stochastic capital income is then given by

h
s ¼

1 � a
a

1 � 1

qcr2

� �
: ð25Þ

Taking the argument from above, the sign of the optimal subsidy rate can be neg-

ative or positive as well. If the volatility is sufficiently low, the term in brackets in
(25) is negative. In this specific case the optimal policy is to tax stochastic income

components. This result reflects the argument well-known from the literature on tax-

ation under uncertainty, as given by Domar and Musgrave (1944), Stiglitz (1969) or

more recently Smith (1996b), Turnovsky (1999a), Ott and Soretz (in press) and Sor-

etz (2004). Taxation of risky returns lowers the volatility of future income streams. A

risk averse agent responds to a less risky environment by increasing accumulation,

accompanied by a rise in the expected growth rate.

Contrary, consider the case where the impact from the technological disturbance
is strong enough. Now, the growth enhancing effect from the underestimation of the

riskiness of capital return dominates. The government then has to subsidize transi-

tory capital incomes in order to rise the volatility of capital incomes, which ulti-

mately induces a decrease in accumulation. In short, subsidization of transitory

incomes drives the suboptimally high expected growth rate towards the Pareto-opti-

mal level.

4.4. Changes in revenue policies

The analysis of government expenditure undertaken so far has shown that there is

a continuum of feasible policies capable of attaining the Pareto-optimal state. We

discussed three benchmark policies. Let us now turn towards the last question which

was concerned with the specific role of government revenues. The optimality condi-

tion (21) states that any public policy can be assessed via its growth effects. Neither

the consumption tax nor the government debt are arguments of the growth rate as

we excluded the labor–leisure choice from our analysis. Hence, the expenditure side
of government activity is separable from the revenue side and Ricardian equivalence

holds. Each optimal subsidy-scheme can be financed via an arbitrary mix of con-

sumption taxes and government debt.

The optimal policy schemes also include the two limiting cases s = 0 and n = 1.

From the government budget constraint (11) follows, that subsidy payments are fi-

nanced by revenues from taxing consumption as well as by issuing bonds. A fiscal

policy without government debt, that is n = 1, was already discussed above. In this

case, the stochastic income components cannot be subsidized and the optimal
expenditure policy is described by Eq. (24). Now, the expected real rate of return

on government bonds represents the certainty equivalent of capital return and is

determined by the arbitrage condition (12b).

In the following, we focus on the second limiting case of s = 0. Ruling out a con-

sumption tax does not necessarily imply that it is not possible to design an optimal
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policy which completely offsets the external effect of accumulation. The only differ-

ence is that the subsidies now are completely financed by government bonds. From

(15), the equilibrium value of bonds is implicitly given by the portfolio share of phys-

ical capital, which finally can be determined according to (14), (16) and (22).

n ¼
b � ð1 � qÞðw � 1

2
qc2r2Þ

b � ð1 � qÞðw � 1
2
qc2r2Þ � ð1 � aÞcð1 � qcr2Þ : ð26Þ

In case of a low-risk situation, the portfolio share exceeds unity. This immedi-

ately becomes obvious, if we consider the last term in the denominator which deci-

des upon the size of n. For sufficiently low risk this term is positive and the
government is net-creditor to the public. The subsidy payments are totally financed

from interest revenues. In so far, our findings confirm results Turnovsky (1996) de-

rived for the deterministic setting and Corsetti (1997) discussed in the presence of

income taxes.

Contrary, if volatility is sufficiently high, the respective term of the denominator is

negative and the portfolio share lies in the unit interval. Without public policy, risk-

induced accumulation is too high and the competitively chosen growth rate exceeds

the optimal one. Consequently, in an optimal policy, the government has to fix the
subsidies such as to downsize the growth rate. This, in combination with a zero con-

sumption tax, leads to a positive value of government debt.
5. Conclusion

In this paper we developed a stochastic endogenous growth model with spillover

effects of technical knowledge. Assuming differential subsidies on permanent and
transitory capital returns, we examined alternative designs for tax-transfer schemes.

The analysis was motivated by the idea that feasible sets of policy instruments well-

known from the deterministic framework cannot be carried over to the stochastic

setting without further refinement.

The knowledge externality affects growth twofold under productivity risk. On the

one hand, the agents underestimate mean capital returns and invest suboptimally

low. On the other hand, the agents likewise underestimate capital volatility and in-

vest suboptimally high. Altogether, growth of the competitive economy might be
either too high or too low, depending on the relative magnitude of risk.

Our attention was especially focused on different designs for optimal policy

schemes. We found that subsidizing production does not only affect the mean but

also the volatility of future capital income flows. We demonstrated that a subsidy

on permanent capital returns displays the well-known effects from the deterministic

setting and enhances growth. But contrary, a risk averse individual would respond to

transfers on transitory capital returns with a decrease in savings. Consequently, sub-

sidizing random incomes depresses growth. These ambiguous growth effects carry
over to the analysis of welfare and imply a continuum of optimal policies. We dem-

onstrated that granting a subsidy is not generally optimal, the results depending on
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the impact of risk. It may be optimal for the government to depress growth by means

of taxing deterministic income.

We focused on several benchmark cases and found that total expected subsidy

payments for a complete offset of the distortion are lower, if only permanent capital

incomes are permitted to be subsidized. In this case the subsidy payments even fall
short of the spending necessary in the deterministic framework. In the opposite case,

the exclusive treatment of transitory capital incomes, the optimal policies reverse in

sign. If growth originally is too high due to a high-risk situation, the government in

fact has to subsidize transitory capital incomes in order to reduce accumulation.

Finally, we demonstrated that from the viewpoint of optimal policy the way of

financing government spending, either via consumption tax revenues or via issuing

bonds is of minor importance. In the general equilibrium context considered here

all instruments of public policy enter into individual optimization. Hence, even if
we exclude the possibility of taxing consumption an optimal policy can be found.
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Appendix

The value function V[W(t), t] denotes the maximum feasible level of lifetime util-

ity. Positing the time-separable form V[W(t), t] = e�btJ[W(t)], the stochastic differen-

tial of the value function can be derived by application of Itô�s Lemma:

L ¼ e�bt

�
UðCÞ � bJ þ J 0ðW Þf½ð1 � nÞrB þ nð1 þ hdÞrK �W

þx � ð1 þ sÞCg þ 1

2
J 00ðW Þr2

W

�
ðA:1Þ

with the variance of wealth given by r2
W ¼ EðdwÞ2

=dt.
The optimality conditions of the above problem with regard to C, n and W are

0 ¼ U 0ðCÞ � ð1 þ sÞJ 0ðW Þ; ðA:2Þ

0 ¼ J 0ðW Þ½ð1 þ hdÞrk � rB�W þ 1

2
J 00ðW Þ or

2
W

on
; ðA:3Þ

0¼ J 0ðW Þ½ð1�nÞrBþnð1þhdÞrK �b�þ1

2
J 00ðW Þor

2
W

oW

þ J 00ðW Þf½ð1�nÞrBþnð1þhdÞrK �W þx�ð1þ sÞCgþ1

2
J 000ðW Þr2

W : ðA:4Þ
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Eq. (A.2) reflects the well-known result from intertemporal optimization, that is

marginal utility weighted with the tax factor is equalized over time. It determines

the accumulation process together with (A.4). The expression (A.3) is the standard

first-order condition of a portfolio problem in an intertemporal C-CAPM when

all returns are perfectly correlated. The optimal time-paths for consumption and
the portfolio shares are functions of the derivatives of the value function and form

a stochastic differential equation in J(W). Hence, a function J(W) has to be found

that solves the first-order conditions and maximizes the stochastic integral (5).

Furthermore, feasibility of an intertemporal consumption program requires the

following transversality condition to be satisfied. Otherwise, as demonstrated by

Merton (1969), expected utility would not be bounded

lim
t!1

Et JðW Þe�bt
� �

¼ 0: ðA:5Þ
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