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Abstract

In this paperthe impactsof incomeandconsumptiontaxes areanalyzedwithin a

modelof stochasticendogenousgrowth with congestion.It is shown that the opti-

mal amountof governmentalinput diminisheswith uncertaintyandthattheoptimal

financingdependson the relation betweenthe degreesof rivalry and relative risk

aversion. Due to the insuranceeffect associatedwith the taxationof stochasticin-

comeflows, the growth effect of taxationis ambiguous.Thereis a continuumof

optimaltaxpolicieswhichdependson theassumptionsaboutthegovernmentalbud-

get constraint.The resultsfor a balancedbudgetarecontrastedwith the outcomes

in the settingwith governmentdebt. We demonstratethat in both casesthe opti-

mal structureof financinggovernmentexpenditurenot only dependson the degree

of rivalry, asin thecorrespondingdeterministiccongestionmodels,but alsoon the

degreeof risk aversion.

Zusammenfassung

DasvorliegendePapieruntersuchtdieAuswirkungenvonKonsum–undEinkom-

mensteuerim RahmeneinesstochastischenendogenenWachstumsmodellsmit Con-

gestion.Eswird gezeigt,daßdie optimaleMengedesstaatlichbereitgestelltenPro-

duktionsfaktorsmit steigendemRisiko abnimmtunddaßdie optimaleFinanzierung

derstaatlichenAusgabenvon derRelationzwischenRivalitätsgradundRisikoaver-

sionsgradabhängt. Aufgrund desakkumulationsfördernden Versicherungseffekts

derBesteuerungstochastischerEinkommenskomponentenist dieWachstumswirkung

der Einkommensteueruneindeutigund es resultiertein KontinuumoptimalerFi-

nanzierungspolitiken. Die Ergebnissefür denFall desausgeglichenenStaatsbudgets

werdendenjenigengegenübergestellt,die ausder Erweiterungum Staatsverschul-

dungalszusätzlichmöglichemFinanzierungsinstrument resultieren.



1 Introduction

The analysisof a governmentalinput in the endogenousgrowth settingdraws backon

Barro (1990)andlater wasadoptedby variousotherauthors(seee. g. Barro andSala-

I-Martin (1992), Futagami,Morita, andShibata(1993), Turnovsky (1995a)aswell as

Turnovsky andFisher(1998)). While theassumptionof the public input aspurepublic

good is extreme,more recentpapersrefrain from theserestrictionsandanalyzepublic

productioninputs asclub goods(e. g. Ott (2000))or public goods,that are subjectto

congestion.In thefirst case,userfeesmaybelevied,in thesecondcasecongestioncauses

anegativeexternalityfor theremainingeconomicagentsasrivalry in theuseof thepublic

input takes place(seee. g. Atkinson and Stiglitz (1980), Cornesand Sandler(1996)).

BarroandSala-I-Martin(1992),Futagamietal. (1993),Turnovsky (1993,1995b)aswell

asTurnovsky andFisher(1998)arguethatnearlyall sortsof governmentexpenditureare

subjectto congestion.This leadsto thedevelopmentof theoreticalmodelsof endogenous

growth thatmake allowancefor this aspect.Thepolicy implicationsof thesemodelsare

that in caseof proportionalcongestion(i.e. maximumrivalry in the useof the public

input), a distortionaryincometax may internalizethe negative externaleffect that goes

alongwith increasingindividual production.On the contrary, in caseof no congestion,

sucha distortionarytax would causea welfareloss. Correspondingly, theoptimalfiscal

policy dependson thedegreeof congestion.

Moreover, thegrowth effectsof fiscalpolicy dependcrucially on theassumptionof risk.

Stochasticendogenousgrowth modelsshow thatpolicy recommendationsdependon the

characteristicsof uncertainty. Theambiguousimpactof incometaxationin a stochastic

growth modelwith lineartechnologywasfirst discussedby Eaton(1981).Recentcontri-

butionsof Turnovsky (1993,1995b),Smith(1996),Corsetti(1997)or ClemensandSoretz

(1997)analyzegovernmentalactivities in severalstochasticendogenousgrowth settings.

Our paperassumesanaggregateincomerisk thataffectsthemacroeconomicequilibrium

in variouswaysandsois substantialfor theefficacy of any taxpolicy. A risk averseindi-

vidual will take uncertaintyinto accountwithin the intertemporalconsumptiondecision.

If theagentis sufficiently risk aversethereis amotivefor precautionarysaving asdefined

by Leland(1968)andSandmo(1970)which influencestheoptimal responseon income

taxation.Furthermore,theinsuranceargumentof DomarandMusgrave(1944)aswell as

Stiglitz (1969)gainsimportance.Taxationof returnsto risky assetsmayactuallyincrease

thedemandfor theseassetsbecausetaxationwith full lossoffsetreducesthevolatility of
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capitalreturns.Two counteractinggrowth effectsmaybederived:A decreasein expected

return leadsto a declinein capitalaccumulationwhereasa reductionin riskinessmay

encouragegrowth.

Ourpaperlinks botheffects,congestionaswell asuncertaintyandcombinesthemwithin

amodelof endogenousgrowth. A typicalcongestionfunctionfrom thepublicgoodsliter-

atureis adopted(seee.g. Edwards(1990)or GlommandRavikumar(1994)).Thedegree

of congestionplaysacentralrole in deducingtheimpactof public investmenton therate

of accumulationof privatecapital.Hence,themodelconsidersdifferentmodesof financ-

ing the provision of the public goodandenablesthe governmentto levy two forms of

revenue:A distortionaryincometaxandanon–distortionaryconsumptiontax. To clarify

the impactof distortionaryincometaxationon the individual behavior the incometax is

split up into onepartthat is levied on deterministicincomecomponentsandanotherpart

that is levied on stochasticincomecomponents.The analysisfirst takesplacewithin a

context of a continuouslybalancedbudget. It is thenconfrontedwith theresultsderived

from a settingwith governmentbondsto allow for public debtor surplusesto closethe

governmentbudget.Independentfrom theassumptionson thegovernmentalbudgetcon-

straint it resultsthat the consumptiontax amountsto a lump–sumtax thusinducingno

growth effects. Besides,concerningthe differentiateincometax ratethereexistsa con-

tinuumof of optimaltax policies.But theexactformulationof thecontinuumis strongly

affectedby theassumptionson thegovernmentalbudgetconstraint.

The structureof thepaperis asfollows: After describingthe assumptionsof the model

in section2, themarket equilibriumis analyzed.Part 4 derivesthefiscal instrumentsthat

allow for optimalfinancingin caseof balancedpublicsectorbudget,whereasin section5

theresultsarecomparedwith thesettingwith governmentbonds.Thepapercloseswith

ashortsummary.

2 The model

Theeconomyis populatedby N identicalinfinitely long living individualswhomaximize

expectedlifetime utility asgivenby

U � E0

���
∞

0

c1 � ρ

1 	 ρ
e� βt dt 
�� ρ � 0 
 ρ � 1 � (1)
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E0 denotesthemathematicalexpectation,conditionalon time 0 information,c � t � is time

t consumption,e� βt representsthe discountfactor with the instantaneousrate of time

preferenceβ � 0. ρ denotesthemeasureof relativerisk aversionandequalsthereciprocal

of theintertemporalelasticityof substitution.If thedegreeof relativerisk aversionequals

unity instantaneousutility is logarithmic.

The representative firm producesa homogeneousgood, y, accordingto the individual

stochasticproductionfunction

y � α � g
k � k � dt � σdz��
 α ��� 0 
 α ����� 0 
 σ � 0 � (2)

y denotesproductionper capita,k representsthe amountof capitalavailableto the rep-

resentative firm. α may be interpretedasproductivity function andsatisfiesthe Inada–

conditions. g reflectsthe individually availableamountof the productive governmental

input G, thusallowing for theintroductionof congestioneffectswithin theanalysis.The

compositionof g will beexplainedin detailbelow. For aconstantrelationof g� k thepro-

ductionfunction is linear in capital,thusinducingongoinggrowth. The introductionof

uncertaintywithin theanalysistakesplacewith anotherassumptionconcerningthepro-

ductionfunction: In eachtime incrementthe productionis affectedby a Hicks–neutral

technologicaldisturbance.The Wienerprocessdz� t � is a continuousMarkov process,

i. e.thedisturbancesareseriallyuncorrelatedanddz � N � 0 
 dt � . For simplicity, deprecia-

tion is neglected,andlabor–leisurechoiceis notconsideredsothatthehouseholdssupply

their laborforceinelastically.

Theparameterg in theproductionfunctionrepresentsthepartof thepublic inputG which

is availablefor individual production.G is providedby thegovernmentandequalstotal

quantityof the public good. Usually, suchproductive expenditureis identifiedasbeing

expenditureon infrastructure.Within thismodelthepublicexpenditureis notnecessarily

non–rival but, dependingon theparameterε, rivalry mayoccur. This is expressedby the

following congestionfunction

g � G � k1 � εKε � 1 � G � k
K � 1 � ε 
 ε �! 0 
 1"#
 (3)

whereK denotestheaggregatestockof capital. The term � k � K � 1 � ε representsa scaling

down of theaggregatepublic goodavailableto theindividualdueto congestion.Theab-

senceof any congestion(norivalry) is representedby ε � 1, in whichcasethepublicinput
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is fully availableto therepresentative agent,g � G. In this case,thelevel of theproduc-

tivity functionα andthusindividualoutputdependson thefractionG� k. Theotherpolar

case,ε � 0, correspondsto proportionalcongestion.This reflectsa situationin which

total amountof thepublic input is dividedbetweenall N individuals.Hence,theindivid-

ually availableamountof the public input reducesto g � G� N. This hasconsequences

for productionasproductivity in caseof arisingcongestiondecreases.An increaseof G

relative to aggregatecapital,K, expandsy in (2) for a givenamountof individualcapital,

k. On theotherhand,an increasein aggregatecapitalfor givengovernmentexpenditure

lowersthepublic servicesavailableto the individual firms, g� k declinesanda reduction

of y results.1 If 0 � ε � 1, eq.(3) just representsintermediatecasesin which thepublic

input is subjectto partialcongestion.

To financetheprovision of thepublic input,G, thegovernmentleviesa tax on consump-

tion ω aswell asa proportionalincometax. Thelatterconsistsof two parts,τ andτ � that

aresetseparately, asin Eaton(1981).Thisallowsfor disentanglingtheeffectsof taxation

of deterministicandrandomincomeparts.Thepublicexpenditureis financedvia therev-

enuesresultingfrom thedifferentiateincometaxesandaconsumptiontax. In thesections

3 and4, thebudgetis assumedto bebalancedin eachtime increment,whereasin section

5 we allow for public debtandsurpluses.Thegovernmentbudgetthenwill beclosedby

theissuingof bonds.

3 Market Equilibrium and Social Optimum

Therepresentative agentmaximizesintertemporalexpectedutility while takingtax rates

aswell astheinitial valuesfor capitalk0 andthestochasticprocessz0 asgiven.Formally,

theoptimizationproblemmayberewrittenas

max
c $ k E0

� �
∞

0

c1 � ρ

1 	 ρ
e� βt dt � (4)

s. t. dk �% &� 1 	 τ � αk 	'� 1 � ω � c" dt �(� 1 	 τ � � αkσdz � (5)

1To posetheassumptionof congestion,insteadof therelationbetweenpublic input andprivatecapital

onecouldalternatively usetherelationbetweenpublic inputandprivateoutput.ThenG wouldhaveto rise

accordingto total outputY in orderfor g) y to remainconstant.However, theresultswould beessentially

thesame.
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Employing Itô’sLemmathestochasticBellmanequationevolvesto* � e� βt c1 � ρ

1 	 ρ
	 βe� βtJ � k ��� e� βtJ ��� k �+ ,� 1 	 τ � αk 	-� 1 � ω � c"

� 1
2

e� βtJ ��� � k � σ2
k (6)

wherethevaluefunctionrepresentsthemaximumlevel of lifetime utility andis assumed

to be of the time–separableform e� βt J � k � t �.� . The varianceof capital is givenby σ2
k �

E  dz2
k "/� dt.

Maximizing theBellmanequation(6) with regardto c andk leadsto the two necessary

conditionsof theoptimizationproblem

c � ρ �%� 1 � ω � J �0� k � (7)

J ��� k �1�2� 1 	 τ � α � 1 	 εη �3	 β �4� 1
2

J �����0� k � σ2
k� J ����� k �+�.� 1 	 τ � αk 	-� 1 � ω � c �(� 1 	 τ �5� 2α2 � 1 	 εη � kσ2 �6� 0 � (8)

The parameterη denotesthe partial productionelasticity of the public input G and is

givenby

η 7 ∂α
∂G

G
α
� α �

α
g
k
� (9)

Furthermore,themarginal productof capitalasperceivedby theindividualsis givenby

∂y
∂k

� � α 	 εα � g
k � � dt � σdz� (10)

andis influencedby congestionaswell asby risk. If congestionarisesthe individually

perceivedmarginalproductissuboptimallyhighmayinduceexcessivegrowth. Thepolicy

implicationswill bediscussedbelow.

Equation(7) comprisestheusualresultof intertemporaloptimizationthatmarginalutility

of consumptioncorrespondsto the (weighted)first derivative of the valuefunction and

is equalizedacrosstime. It determinestheaccumulationprocesstogetherwith (8). The

optimal time pathsfor consumptionandcapitaldependon the derivativesof the value

functionandform a stochasticdifferentialequationin J � k � . Hence,amaximumof utility

asgiven by the integral (1) is obtainedby determininga function J � k � that solves the

first–orderconditions.

5



For expectedutility to bebounded,feasibleintertemporalconsumptionpathsrequirethe

following transversalityconditionto besatisfied2

lim
t 8 ∞

E 9 e� βtJ � k �;:<� 0 � (11)

Below, thecompetitive equilibriumallocationdependingon certainpolicy parametersis

described.Sincethe householdshave constantrelative risk aversionandall parameters

of the model are time–invariant it is supposedthat capital andconsumptiongrow at a

commonrate(seeMerton(1971)).In this case,thepropensityto consumeout of capital,

µ, will beconstantin macroeconomicequilibrium

c � t �6� µk� t � � (12)

With this it is possibleto derivea closed–formsolutionfor optimalconsumption

� 1 � ω � µ � β
ρ
�(� 1 	 τ � α 	 1

ρ
� 1 	 τ � α � 1 	 εη �

�=� 1 	 τ �>� 2α2σ2 � 1 	 ρ
2

	 εη � � (13)

Public revenuesout of incomeandconsumptiontax grow with the sameexpectedrate

ascapitalandconsumption.Furthermore,asall N individualsare identical,aggregate

capital,K, is equalto Nk. Hence,in equilibrium the ratio g� k in individual production

that determinesa uniquelevel of α as well as of α � also remainsconstant. Thus, the

productionelasticity of governmentalinput, η, is constantaswell. From this follows

immediately, thatthepropensityto consumeout of capitalis time–invariantanddepends

on theunderlyingparametersaswell ason thefiscalinstruments.

Theexpectedgrowth rateof theeconomy, ϕ, canbeobtainedfrom theindividualbudget

constraint(5) togetherwith equation(13)

ϕ 7 E  dk"
kdt

� 1
ρ
�.� 1 	 τ � α � 1 	 εη �3	 β �4�(� 1 	 τ �&� 2α2σ2 � εη 	 1 	 ρ

2 � � (14)

Thisgrowth rateis determinedendogenouslyanddependsonall parametersthataffectag-

gregatesavings.Besides,it containstwo components:thefirst correspondsto thegrowth

rateof thedeterministiccongestionmodelwhile thesecondpartreflectstheagent’s opti-

mal responseto technologicalrisk.

2Merton (1969)shows that with linear technologythe transversalitycondition is equivalentwith the

conditionof a positiverelationbetweenconsumptionandwealth.
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Thespecificfeatureof a congestionmodelis that investmentin theprivatecapitalstock

not only increasesoutputbut resultsin a secondeffect. It reducesthe ratio of available

governmentexpenditureto individual capital,g� k, andhencetheproductivity measured

by α declinesas long asG doesnot increaseat the samerateasprivatecapital. This

representsa negativeexternaleffect of capitalaccumulationthatdrivesa wedgebetween

privateandsocialreturnon capital.

Theexpectedgrowth rate(14)exceedsdeterministicgrowth if thesecondpartof thesum

is positive. Concerningthe secondterm of the growth rate it becomesobvious that it

is influencedby the underlyingtechnologicalrisk aswell asby congestion.But while

the effect of arisingcongestion(diminishingε) is an unequivocal reductionof expected

growth, the influenceof risk is ambiguous:For sufficiently risk averseagents,(ρ � 1 	
2εη), theexpectedgrowth rateexceedstheonein thedeterministicsetting.Thecontrary

appliesif theagenthastoo low amotivefor precautionarysaving, (ρ � 1 	 2εη). Besides,

the tax on permanentcapital incomeτ aswell asthe tax on transitorycapitalreturnsτ �
affect expectedgrowth. A detaileddiscussionof the impactof uncertaintyandof fiscal

instrumentsfollows in thenext section.

Due to the propertiesof the productivity shock,capital is lognormally distributedand

followsarandomwalk with positivedrift. Startingfrom initial capitalk0 at time0, capital

at time t evolvescorrespondingto3

k � t �6� k0 e� ϕ � 1
2 α2σ2 � t ? ασ @ zA t B0� z0 C � (15)

Considernow a benevolentsocialplannerwho maximizeswelfarewhile takingtheneg-

ative externalityof capitalaccumulationarisingfrom congestioninto account.Thecon-

gestionfunction in this caseis obtainedby settingK � Nk in equation(3) andreduces

to

g � GNε � 1 � (16)

Additionally to consumptionandcapital,thebenevolentsocialplannerdecidesaboutthe

optimalamountof governmentexpenditure.Theaccordingnecessaryconditionresultsin

α � � g� k �.DE� N � ε

1 	 ρασ2 (17)

3This maybederivedin analogyto Malliaris andBrock (1982).
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which determinesthe optimal relationg� k by equatingmarginal productandmarginal

costof governmentexpenditure.Togetherwith equation(9) andthecongestionfunction

of theplanner(16) theoptimalelasticityη D maybederivedas

η DF� G� 1 	 ρασ2 � Nȳ
(18)

with ȳ � E  y"�� dt. It is influencedby congestionvia individual production.Thedenom-

inatorsin equations(17) and(18) areof thesamesignasthecertaintyequivalentof the

stochasticcapitalreturn.4 To ensurefeasiblesolutions,thecertaintyequivalenthasto be

positive, becausethe marginal productivity α � is assumedto be positive. Due to theas-

sumptionof diminishingreturns,α �G� � 0, theunderlyingproductivity shockreducesthe

optimal ratio � g� k � D comparedto a deterministicsetting.5 Underuncertainty, the gov-

ernmentalprovision of thepublic input hastwo impacts:It enhancesnot only expected

capitalproductivity but additionallyincreasesthevolatility of capitalreturngivenby σ2
k.

As a consequence,in a societyof risk averseagents,the optimal level of government

expendituredecreaseswith a rise in uncertainty. As long asthe certaintyequivalentof

capitalreturnis positive,thesecond(negative)effect of a risein governmentexpenditure

doesn’t overcompensatethefirst (positive)effect.

Optimizationof the socialplannerleadsto the macroeconomicequilibrium determined

by

µD � β
ρ
� ρ 	 1

ρ
α �(� ρ 	 1� α2σ2 � η D 	 1

2 � (19)

ϕ D � 1
ρ
� α � 1 	 η D �H	 β �I� α2σ2 � η D 	 1 	 ρ

2 � � (20)

Equations(18), (19) and(20) determinethesocialoptimum. In thefollowing sectionsit

will beshown that it is possibleto attainthesocialoptimumwithin a competitive econ-

omy by the choiceof an optimal policy mix. To evaluatealternative fiscal policies the

commandoptimumwill serveasreference.

4Thecertaintyequivalentis α J ρα2σ2 for theplannersolution.For thedeterminationseee.g. Merton

(1992,p. 45).
5In thedeterministicsettingtheoptimalelasticityis determinedby α K �ML N N ε.
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4 Fiscal Policy with Balanced Budget

In this sectionwe determinethe impact of fiscal policy on expectedgrowth with the

assumptionof abalancedgovernmentbudget.Therefore,themacroeconomicequilibrium

describedin theprevioussectionservesasa basefor comparativedynamicanalysis.The

expectedgrowth rate(14) reflectsthe optimal responseof the representative agentto a

given fiscal policy. We now focuson the growth effectsof changesin the differentiate

incometaxesaswell astheconsumptiontax. It resultsthatin thecontext consideredhere

theeffectsof fiscalpolicy on equilibriumgrowth areambiguousanddo not only depend

on thedegreeof congestionbut alsoon theindividualattitudetowardsrisk.

Sinceit is assumedthat utility dependsonly on consumption,thereis no labor–leisure

choice,andlaboris suppliedinelastically. For thisreasontherearenotransitorydynamics

in the underlyinggrowth model. Additionally, we assumegovernmentto changetax

policiesexclusively at time t � 0. Hence,theconsequencesof alternativetaxpoliciescan

beshown by directcomparisonbetweendifferentsteady–states.

Concerningtheconsumptiontaxrateω, thewell–known resultof intertemporaloptimiza-

tion maybederived:ariseof ω lowerstheequilibriumlevel of thepropensityto consume

(seeeq.(13)) whereastheconsumptiontax is neutralto accumulation.This canbeseen

asω doesnot appearin thesolutionfor expectedgrowth rate(14). As labor is supplied

inelastically, theconsumptiontaxhasno impactonoptimalsavingsandactslikea lump–

sumtax.

Wenow focuson theeffectsof changesin thedifferentiateincometax rates.An increase

in thetax ondeterministicincomepartsinducesa reductionin expectedgrowth

∂ϕ
∂τ

�O	 α
ρ
� 1 	 εη �P� 0 � (21)

Sincetaxationof permanentincomereducestheexpectedmarginal productivity of capi-

tal, accumulationof physicalcapitalbecomeslessattractive. Thelevel of optimalsavings

decreasesandleadsto a declinein equilibrium growth. This effect is reinforcedif con-

gestionarises.6 This negative growth effect reflectsthe distortionaryimpactof income

taxationknown from thedeterministicsetting.

6Note that α Q 1 J εη R hasto be positive for feasiblesolutionssinceit representsthe expectedprivate

marginal returnon capital.
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In thestochasticenvironmentconsideredhere,a taxoncapitalreturnsaffectsthemeanas

well asthevolatility of capitalincomestreams.If weanalyzea risein thetax on random

incomepartsambiguousgrowth effectscanbederived

∂ϕ
∂τ � � 2 � 1 	 τ � � α2σ2 � 1 	 ρ

2
	 εη �TS 0UWV ρ X 1 	 2εη � (22)

According to Leland (1968) andSandmo(1970),precautionarysavings are definedas

additionalsavings due to the uncertaintyof future incomeflows. The riskinessof fu-

ture incomeflows leadsto two contraryeffectson individual savings. Rothschildand

Stiglitz (1971,p. 69) describethis ambiguityas"[...] increaseduncertaintyin thereturn

on savingswill eitherlowersavingsbecause’a bird in thehandis worth two in thebush’

or raiseit becausea risk–averseindividual, in orderto insurehis minimum standardof

living, savesmorein the faceof increaseduncertainty".First, an increasein thevolatil-

ity of future capital returnscausesa negative substitutioneffect on savings. To avoid

futureuncertainty, momentaryconsumptionis increasedat thecostof accumulation.Sec-

ond, an incomestreamwith higher volatility is associatedwith lower expectedutility.

This inducesapositiveincomeeffectonoptimalaccumulationto compensatefor theloss

of future utility. Savings are increasedto equalizeexpectedmarginal utility over time.

Individualoptimizationleadsto precautionarysaving if thedegreeof risk aversionis suf-

ficiently high. Thepositive incomeeffect thenoffsetsthenegativesubstitutioneffect.

Taxationof stochasticincomecomponentsreducesthe volatility of capital returnwhile

expectedreturn remainsunchanged.Whetherthe representative agentrespondsto de-

creasinguncertaintywith adeclinein precautionarysavingsor with arisein capitalaccu-

mulationcrucially dependson therelationbetweenrelative risk aversionandthedegree

of rivalry. If the individual is sufficiently risk averse(ρ � 1 	 2εη), thereductionin un-

certaintydueto taxationof stochasticincomewill leadto a declineof savingsout of the

precautionarymotive. The negative growth effect of the tax on uncertainincomeparts

in this casereinforcesthegrowth diminishingimpactof thetax on deterministicincome

components.If insteadtherisk aversionis sufficiently low (ρ � 1 	 2εη), thesubstitution

effect dominatesandlower risk dueto an increasein τ � inducesa switchtowardshigher

capitalaccumulation.Hence,in this casetaxationof stochasticincomecomponentsin-

creasesthe resultinggrowth rateandleadsto counterworking growth effectsof overall

incometaxation.
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Furthermore,thegrowth effectof arisein thetaxrateonstochasticincomepartsdepends

on thedegreeof congestion,ε. Theparameterof rivalry specifiesthedivision of uncer-

tainty into capitalrisk andincomerisk.7 With alowerε, theagentsassignagreaterpartof

risk to theuncertaincapitalreturn.Thecasewherethenegativeexternaleffectis maximal,

that is ε � 0, correspondsto thesituationof purecapitalrisk. Individualshave a motive

for precautionarysaving with ρ � 1, asSandmo(1970)derived. On thecontrary, if the

governmentinput is apurepublicgood,thatis ε � 1, theindividualsperceiveonly asmall

partof theuncertaintyascapitalrisk. Theremaininguncertaintyappearsasincomerisk

andinducesadecreasein thecritical level of risk aversionwhich is necessaryto displaya

motive for precautionarysavings. This leadsto anenlargementof theparameterinterval

in which themotive for precautionarysaving is relevant.

An optimal tax policy will eliminateany differencesbetweenequilibrium growth (14)

andoptimal growth (20). Due to congestion,the privatemarginal productof physical

capitaldependsonthedegreeof rivalry of governmentexpenditure.As longas0 � ε � 1,

the rivalry is neitherperfectnor absentandthe privatecapital return is higher thanthe

socialone. Within individual optimization,the representative agentdoesnot take into

accounthis contribution to the aggregatecapitalstock. Thus,the reductionof the ratio

betweenavailablegovernmentexpenditureandindividual capital is underestimatedand

theincentive for capitalaccumulationis suboptimallyhigh. In thecaseof a proportional

congestion(ε � 0), the deviation is maximal,whereaswith a purepublic good(ε � 1)

privateandsocialmarginalproductof capitalcoincide.

In oppositeto theresultsin thedeterministiccongestionmodel,thedesiredreductionof

the growth ratecannotonly be achieved by a positive tax rateon expectedincome,but

alsoby ataxationof stochasticincomepartsor amixtureof bothinstruments.With regard

to the latter tax parameter, the optimalpolicy dependson the degreeof risk aversionof

the representative individual (seeequation(22)). If the agentis sufficiently risk averse,

i. e. if thereis a motive for precautionarysaving, thedecreasein expectedgrowth canbe

inducedby a positive tax rateon stochasticincomecomponents.On thecontrary, if risk

aversionis sufficiently low, asubsidyonrandomincomepartsleadsto thedesireddecline

in expectedgrowth.

Equatingtheexpectedgrowth ratesof thedecentralizedequilibrium(14)andof thesocial

7ThisdistinctiondrawsbackonSandmo(1970)andwasappliedto stochasticendogenousgrowth mod-

elsin ClemensandSoretz(1999).
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optimum(20) leadsto the following quadraticoptimumconditionbetweenthe income

tax parameters

� 1 	 τ �+� 1 	 εη D � !� � 1 	 τ �>� 2ρασ2 � 1 	 ρ
2

	 εη D ��=� 1 	 η D �3	 ρασ2 � 1 	 ρ
2

	 η D � (23)

whereη D is evaluatedat theoptimal level of governmentexpenditureasdefinedin equa-

tion (18). The optimal level of the consumptiontax, ω D , is thandeterminedresidually

togetherwith thebudgetconstraintof thesocialplanner. Therelationbetweenthetwo tax

parameterscanbeexpressedas

dτ
dτ � � 2 � 1 	 τ � � ρασ2 � 1 � ρ

2 	 εη D �� 1 	 εη D � � (24)

Thedirectionof this relationagaindependson risk aversionρ aswell ason thedegreeof

congestionε

dτ
dτ � S 0 UWV ρ X 1 	 2εη D UYV ε S 1 	 ρ

2η D � (25)

With sufficiently risk averseagents,thereis a motive for precautionarysaving. An in-

creasein taxationof uncertainincomereducesthe volatility of capital return thereby

decreasingthe savings out of precautionarymotivesand long–rungrowth. This nega-

tive growth effect of a tax on stochasticincomepartsreinforcesthegrowth diminishing

impactof a tax on deterministicincomecomponents.Hence,a risein thetax rateon de-

terministicincomecomponentsτ — accompaniedby a negativegrowth effect — canbe

offsetby a decreasein thetax rateon stochasticincomepartsτ � . In caseof a sufficiently

low degreeof risk aversiontheargumentreverses.Thelevel of congestioninfluencesthe

critical valueof ρ thatseparatesthesetwo casesasalreadywasexplained.

Dueto thedifferentiationof thetax rates,thereexistsacontinuumof optimaltaxpolicies

which is shown in figure1. Thecurve on the left handsidecapturesthecasewith rela-

tively smallrisk aversion(ρ � 1 	 2εη), whereasthesecondsubfigurereflectsthecaseof

precautionarysavings8 (ρ � 1 	 2εη).

8In this case,the positionof the curve may be partly or entirely below the τ K -axes,dependingon the

valueof ε.
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Figure1: OptimalFiscalPolicy for smallversushigh relative risk aversion

We now discussthe implicationsof the relationbetweenthe two incometax ratesgiven

in equation(23) for thetwo benchmarkcasesε � 0 andε � 1. As alreadymentioned,in

thecaseof a purepublic good(ε � 1) thereexistsno externaleffect. Thus,any optimal

tax policy hasto remainexpectedgrowth unchanged.In this case,the relationbetween

theoptimaltax ratesevolvesto

ε � 1 � V τ � 1 	 η D\� !� τ � � 2 	 τ � � ρασ2 � 1 	 ρ
2

	 η D � � (26)

Any taxationof deterministicincomecomponentsmustbe offset by an appropriatetax

rateon stochasticincomeparts(andvice versa)to ensureoptimalgrowth. If oneof the

incometaxesis neglected,theothertax ratemustbesetzero.This outcomecorresponds

to thedeterministicsetting:sincethereonly existsoneincometax parameter, in thecase

of a purepublic goodtheincometax vanishesandis replacedby a consumptiontax (see

e.g. Turnovsky (1995a)).

Onthecontrary, in thecaseof aproportionallycongestedgovernmentalinput (ε � 0), the

optimality conditionof anincometax canbedescribedasfollows

ε � 0 � V τ !� τ � � 2 	 τ � � ρασ21 	 ρ
2

� η D � 1 	 ρασ2 � � (27)

With theoptimal level of g� k which determinestheelasticityof governmentalinput, η D ,
givenin (18), this conditioncanberewrittenas

τ !� τ �M� 1 	 τ �
2 � ρασ2 � 1 	 ρ ��� G

Nȳ
� (28)
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If the incometax on uncertainincomeis positive, the level of the tax rateτ dependson

thedegreeof risk aversion.Sincethegovernmentalinput is characterizedby proportional

congestion,thereis a motive for precautionarysavings if relative risk aversionexceeds

unity (seeequation(22)). A tax on stochasticincomethenreducessavings. Hence,the

differencebetweensociallyoptimal andequilibrium expectedgrowth decreasesandthe

optimaltax rateon deterministicincomedeclineswith a increasingrisk. On thecontrary,

if relative risk aversionis lessthanunity, theoppositeargumentappliesandtheoptimal

tax rateonexpectedincomeincreaseswith uncertainty.

In contrastto thedeterministiccongestionmodeltheoptimal incometax rateτ mayex-

ceedtheexpenditureratio if thetax rateτ � is positiveandrisk aversionis lessthanunity.

Optimalfinancingin this caseimpliesa subsidyon consumptionto balancethegovern-

mentalbudget.A uniformtax rate,thatis τ � τ � , doesonly imply a full financingthrough

incometaxationif utility is logarithmic(ρ � 1). Insofar, it is not possiblyto apply the

outcomesof thecorrespondingdeterministicsettingto uncertainty. Theoptimaluniform

incometax rate is overestimatedby the deterministicmodel if relative risk aversionis

greaterthanunity andunderestimatedin theoppositecase,ρ � 1.

If insteadthe tax rateon stochasticincomecomponentsis zero,e. g. becausestochastic

incomepartscannotbeobservedby thegovernment,public expenditureis fully financed

by the incometax on deterministicincomeparts. The incometaxationreducesprivate

capitalreturnsanddiscouragesgrowth. Thus,the negative externaleffect of capitalac-

cumulationis internalized. Within this setting,the consumptiontax vanishesbecause

the governmentalrevenueout of incometaxationis sufficient to cover the costsfor the

provisionof thepublic input.

5 Fiscal Policy with Government debt

In this section,we relaxtheassumptionaboutthebalancedgovernmentbudget.Instead,

the governmentnow may financedeficits by issuingbonds. The valueof government

bondsis not necessarilypositive, that is, governmentmaybea netcreditor. Sincepublic

revenuesoutof incometaxarestochasticwhereaspublicexpenditureis deterministic,the

valueb � t � of governmentbondsis stochastic.

The valueof bondsis measuredin units of outputandthey arecharacterizedasperpe-
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tuitiespayinganuncertainreal return. Theexpectedrateof returnis givenby i, andthe

stochasticprocessof bondreturn is dzb. Thus,the valueof governmentbondsevolves

accordingto

db � �
G
N
� ib 	 ταk 	 ωc� dt � bdzb 	 τ � αkσdz � (29)

With theseassumptions,thereis an additionalportfolio decision. The householdshave

to decidewhich partsof individual wealth,w, they want to investin physicalcapitaland

in governmentbonds.We assumethatwealthis entirelydistributedinto the two assets.

Thus, with the portfolio shareof physicalcapital denotedby n, the portfolio shareof

governmentbondsis 1 	 n.

As individualwealthis thesumof thetwo assets,thewealthconstraintresultsin

dw �% ]� 1 	 τ � αnw � i � 1 	 n� w 	-� 1 � ω � c" dt �(� 1 	 τ �>� αnwσdz �(� 1 	 n� wdzb (30)

and the optimizationproblemis to maximizeexpectedutility (1) subjectto the wealth

constraint(30). TheBellmanequationnow is* � e� βt c1 � ρ

1 	 ρ
	 βe� βtJ � w��� e� βtJ ��� w�1 &� 1 	 τ � αnw � i � 1 	 n� w 	-� 1 � ω � c"

� 1
2

e� βtJ ����� w� σ2
w (31)

with σw denotingthe standarddeviation of wealth. Intertemporalutility is maximized

with respectto consumption,wealthandtheportfolio shareof physicalcapital,resulting

in thenecessaryconditions

c � ρ �^� 1 � ω � J �0� w� (32)

J ��� w�1�2� 1 	 τ � αn � 1 	 εη ���(� 1 	 n� i 	 β �_� 1
2

J �����0� w� σ2
w� J ����� w�`�a� 1 	 τ � αnw � i � 1 	 n� w 	'� 1 � ω � c � ∂σ2

w

∂w � � 0 (33)

J � � w�1 &� 1 	 τ � α � 1 	 εη � w 	 iw "�� J ��� � w� ∂σ2
w

∂n
� 0 � (34)

Optimal consumption(32) togetherwith theconjectureof a constantpropensityto con-

sumeoutof capital(12) leadto specificfunctionsfor thederivativesof thevaluefunction.

Additionally, we supposethat in steady–statethe portfolio sharesareconstant.That is,
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all assetsgrow with thesameexpectedrateandfurthermoretheevolution of thestochas-

tic processesis equal. Hence,the equilibrium stochasticprocessof the real return of

governmentbondsis

dzb � ασ
1 	 n

� 1 	-� 1 	 τ �b� n� dz � (35)

Togetherwith the arbitragecondition(34) for optimal portfolio choicethis implies the

steady–statevalueof expectedrealreturnonbonds9

i �O� 1 	 τ � α � 1 	 εη �H	 ρα2σ2

1 	 n
�c� 1 	 τ � �d� 1 	-� 1 	 n� εη �3	 1� � (36)

Usingtheseinformationsin thenecessarycondition(33) leadsto theratio betweencon-

sumptionandcapital,µn, is givenby

� 1 � ω � µn � β
ρ
� ρ 	 1

ρ
� 1 	 τ � α � 1 	 εη ���(� 1 	 τ � αεηn

� α2σ2 � � 1 	 τ � �+� 1 	 εη 	 ρ � 1 	-� 1 	 n� εη �c��� ρ 	 1
2 � � (37)

andis constantin steady–statesincetheproductionelasticityη aswell asportfolio choice

areconstant.Now it is possibleto determineexpectedgrowth out of equation(30)

ϕ 7 E  dw"
wdt

� 1
ρ
�.� 1 	 τ � α � 1 	 εη �3	 β �4� α2σ2 � ρ � 1

2
	'� 1 	 τ �&�+� 1 	 εη � � (38)

andtheresultinggrowth effectsof tax policy are

∂ϕ
∂τ

� 	 α
ρ
� 1 	 εη �P� 0 (39)

∂ϕ
∂τ � � α2σ2 � 1 	 εη �P� 0 � (40)

Thetaxationof deterministicincomecomponentsleadsto thegrowth diminishingeffect

describedin the last section. This outcomeis independentof the assumptionaboutthe

governmentbudgetconstraintandreflectsthereductionin netcapitalreturn.

A rise in the tax on stochasticincomecomponentsreducesthe volatility of the net re-

turn on capital while the expectedreturn on capital remainsconstant. Thus, taxation

9This outcomeonly appliesif n eL 1. In thecasen
L

1, thevalueof governmentbondsis zero,b
L

0.

This impliesno taxationof stochasticcapitalreturns,τ K L 0, andno stochasticprocessof returnon bonds,

dzb
L

0. With this setting,theexpectedrealreturnonbondsis i
L Q 1 J τ R α Q 1 J εη RfJ ρα2σ2 Q 1 J εη R .
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of stochasticcapitalreturnsinducesthe reverseof a meanpreservingspreadasdefined

by RothschildandStiglitz (1970).Therisk associatedwith theaftertax returnon capital

decreasesandcapitalaccumulationgetsmoreattractivefor arisk averseagent.Thisinsur-

anceargumentwasfirst discussedby DomarandMusgrave(1944)andfurtherdeveloped

by Stiglitz (1969). Sincetaxationwith full loss–offset reducesthe varianceof returns,

it may increasethe demandin risky assets.Hence,with the assumptionof government

bondswhich balancethe governmentbudgetconstraint,the growth effect of the tax on

stochasticincomecomponentschangessubstantially. It doesnot longerdependon the

motive for precautionarysaving, but is now unambiguouslypositive.10

With theseresultswe now candetermineoptimalfiscalpolicies.For a welfaremaximiz-

ing policy, theequilibrium growth ratehasto equalizeoptimalgrowth asdeterminedin

equation(20). This impliesthelinearrelationship

τ � ρασ2τ �\� η D � 1 	 ε �
1 	 εη D � 1 	 ρασ2 � (41)

betweenthe tax rateson deterministicandstochasticincomecomponents.Theproduc-

tion elasticity η D is evaluatedat the optimal level of governmentexpenditureasgiven

by equation(18). As in the last sectionwith balancedgovernmentbudgetthereresults

a continuumof optimal tax policies. But the relationbetweentheoptimal tax ratesnow

is unambiguouslypositive. This reflectstheunambiguouslypositivegrowth effect of the

taxationof stochasticincomecomponents.Startingfrom anoptimal tax policy, a rise in

thetax rateondeterministicincomeleadsto adeclinein expectedgrowth whichonly can

becompensatedby a thepositivegrowth effectof anincreasein thetax rateonstochastic

income.

Condition(41) for the optimality of fiscal policy is shown in figure2. The two parallel

linesshow thespecialcasesof apurepublicandapureprivategood.Theremainingcases

(0 � ε � 1) arefoundin between.For feasiblesolutionstheslopeis lessthanunity ascan

beseenfrom equation(17). Thethird line (τ � τ � ) reflectsthecaseof uniformtaxationof

deterministicandstochasticincomeparts.

10This differencein the outcomesis alreadyknown from otherstochasticendogenousgrowth models

with taxation. Independentlyfrom the assumptionsaboutthe productionfunction, the growth effectsare

ambiguousaslongasthepublicbudgetis continuouslybalanced(seee.g.Smith(1996))andgetunambigu-

ouslypositivewith theassumptionof governmentbonds(seee.g. Turnovsky (1995a,chapter14),Clemens

andSoretz(1997)).
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Figure2: Optimalfiscalpolicy with governmentbonds

If thereis nocongestion(ε � 1), uniform taxationof deterministicandstochasticincome

(τ � τ � ) impliestheabsenceof any incometaxation.Thisoutcomereflectstheresultin the

deterministicsetting,whereoptimalfiscalpolicy in thecaseof a purepublic goodleads

to completefinancingof thepublic input via a consumptiontax. But with a differentiate

incometax, thereis neverthelessa continuumof optimal tax policies. All fiscalpolicies

which meetequation(41) areequivalentwith respectto expectedintertemporalutility.

The higher the taxationof averageincome,the higher the taxationof randomincome

mustbe. Condition(41) ensuresthat the distortionaryimpactof a positive tax rateon

deterministicincomecomponentsis offsetby thegrowth enhancinginsuranceeffect of a

positivetax rateon stochasticincomeparts.

If insteadproportionalcongestionarises,(ε � 0), theequilibriumgrowth rateis subopti-

mally highandcanbereducedvia incometaxation.Usingcondition(18) leadsto

ε � 0 � V τ � ρασ2τ � � G
Nȳ

� (42)

A policy without taxationof stochasticincomeparts(τ � � 0) is optimalif governmentex-

penditureis fully financedby thetaxationof deterministicincome.Insofar it is possibleto

replicatetheresultof thedeterministicmodel.If insteadthetaxrateonstochasticincome

is positive,this increasestheoptimaltaxrateondeterministicincome.In particular, in the

caseof auniform tax rate(τ � τ � ) thecorrespondingdeterministicsettingunderestimates

theoptimalincometax rate.Thereasonis thattaxationof uncertainincomecomponents

leadsto anincreasein expectedgrowth, driving it away from thePareto–optimalgrowth

rate. Hence,the tax rateon sureincomepartshasto behigherto compensatethis addi-

tionalpositivegrowth effect.
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If congestionis neitherabsentnor complete(0 � ε � 1), the line of optimal tax policy

is situatedin betweenthe two lines in figure 2. Again, thereis a continuumof optimal

fiscal policies,with positive relationbetweenthe two tax rates. The suboptimallyhigh

equilibriumgrowth rateis reducedvia taxationof deterministicincomepartsandin the

caseof apositivetax rateonstochasticincomethegrowth enhancinginsuranceeffecthas

to becompensatedadditionallyby ahighertax rateon expectedincome.

6 Summary

Thispaperanalyzeswithin adynamicmacroeconomiccontext thegrowth effectsof tech-

nologicaluncertaintyanda productivegovernmentalinput which maybesubjectto con-

gestion. The formal frame is a stochasticendogenousgrowth model with productive

governmentspendingthatis financedby differentiateincome–andconsumptiontaxes.

After describingthesetupof themodelthedecentralizedequilibriumis derived.An anal-

ysis of the effectsof differentfiscal policies follows. Due to inelasticsupplyof labor,

taxationof consumptiondoesnot affect economicgrowth. This well–known featureis

unchangedby congestionor uncertaintyandtheconsumptiontaxamountsto a lump–sum

tax. Concerningthe tax on expectedincome,the following result is derived: Indepen-

dentof congestionor uncertaintya rise in thetax on deterministicincomepartsleadsto

a decreasein the expectedgrowth rateand thus reflectsthe distortionaryeffectsof in-

cometaxationin adeterministiccontext. However, theanalysisof theimpactsof a taxon

stochasticincomecomponentsis moresophisticatedandthegrowth andwelfareeffects

areambiguous.Dependingon the degreeof risk aversionandhenceon the motive for

precautionarysavingsa highertax on risky incomemay increaseor decreaseaccumula-

tion.

Congestioninfluencesthemarginal productof capitalandthe individualshave too great

anincentive to accumulation.Taxationof thestochasticincomepartsin this context may

be oppositeto the incometax in a deterministiccontext: It may rise the sub–optimally

high growth rateanddiminishwelfare,dependingon the degreeof risk aversionandof

congestion.A comparisonof optimalandexpectedgrowth rateleadsto arelationbetween

theoptimaltax rateson deterministicandstochasticincome.It is shown thatfor optimal

fiscalpoliciesa risein thetax on deterministicincomemaybeoffsetby a decreaseor an
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increasein thetax rateon risky incomedependingon thedegreeof risk aversionandof

congestion.

Theseresultsare contrastedwith the optimal policy outcomesin caseof government

bonds.Theassumptionof acontinouslybalancedpublicbudgetis droppedin thelastsec-

tion of theanalysis.This changestheimpactof taxationof uncertainincomeon growth.

Becauseof theinsuranceeffecta taxonstochasticincomepartsunambiguouslyincreases

expectedgrowth. Nevertheless,thegrowth effectsof taxationof expectedanduncertain

incomecomponentsareoppositeandagainacontinuumof optimaltax policiesresults.
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