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Abstract

Thispaperanalyzesgrowth andwelfareeffectsof incometaxationin astochastic
endogenousgrowth modelwith externalitiesin human–capitalaccumulation.The
governmentparticipatesin individual incomerisks by the collectionof a flat–rate
incometax thataffectsthemeanandthevarianceof after–tax income.We examine
the implicationsof a tax–transferpolicy for the macroeconomicequilibrium of the
economy. An increasein thetaxrateonmeanincomehasanunambiguouslynegative
effectontheexpectedgrowth rate.Paradoxically, thismayinducewelfaregains.The
oppositeresultscanbederivedfor a risein thetax rateon transitoryincome.These
counter–intuitive resultsof the stochasticArrow–Romermodelcanbe ascribedto
thespecificinteractionof consumptionandportfolio choicein thedeterminationof
growth andwelfare.

Kurzfassung

In diesemBeitragwerdendieWachstums–undWohlfahrtseffekteeinerEinkom-
mensbesteuerungim RahmeneinesstochastischenWachstumsmodellsanalysiert.
Eine Humankapitalexternalität in der Produktionführt zu anhaltendemWachstum.
Die lineareEinkommensteuerreduziertsowohl den Erwartungswertals auchdie
VarianzdesverfügbarenEinkommens,so daßder StaateinenTeil desProduktion-
srisikosübernimmt.Wir untersuchendie AuswirkungeneinesSteuer–TransferSys-
temsauf dasmakroökonomischeGleichgewicht. Eine ErhöhungdesSteuersatzes
auf deterministischeEinkommenreduzierteindeutigdie Wachstumsrate,kann je-
doch paradoxerweisezu Wohlfahrtsgewinnen führen. Im Gegensatzdazu kann
die BesteuerungstochastischerEinkommensteiletrotz gestiegenerWachstumsrate
Wohlfahrtsverlusteverursachen.Diesekontra–intuitiven Ergebnisselassensichauf
dasZusammenwirkenvon Konsum–undPortfoliowahl zurückführen.



1 Introduction

This paperis concernedwith the linkage of uncertainty, growth, and incometaxation
within the context of a dynamicgeneralequilibrium model. The analysisis basedon
Stiglitz (1969),who found that incometaxationunderuncertaintytendsto smooththe
intertemporalincomeflow. For that reasona lump–sumtax is not necessarilyintertem-
porally optimal. This resultcontradictsthe outcomesfor the deterministicsetting,e. g.
Chamley (1986),who claimsthata first–bestoptimumcanonly be achievedwith non–
distortionarytaxation.In particular, in the long run thetax rateon capitalincomehasto
bezero. This conclusionis supportedby recentwork on taxationin endogenousgrowth
models,e. g. Lucas(1990),King andRebelo(1990),Rebelo(1991)or Jones,Manuelli,
andRossi(1993a,b; 1997). In contrastto this, underuncertaintythe governmentmay
participatein the stochasticincomegainsand losses,aspresentedin EatonandRosen
(1980),Abel (1988)andMazur (1989). With an appropriateintertemporaltax–transfer
policy, it is possibleto spreadthe excessburdenacrosstime. This propertyof taxation
wasalreadydiscussedby Eaton(1981),Zhu (1992)andSmith (1996)within the theory
of stochasticgrowth or by Bizer andJudd(1989)in a generalequilibriummodel,aswell
asby Kimball andMankiw (1989)for thecaseof heterogenousagents.

In theeconomicsof uncertaintytwomajortypesof incomerisk areto bedistinguished:
idiosyncraticandaggregateincomerisks.In theabsenceof informationalasymmetriesthe
individual–specificriskscanbesharedvia privatearrangements,for examplewithin in-
suranceor capitalmarkets.Contraryto this,aggregateincomeriskscannotbediversified
completelywithin nationalboundaries.A risk averseindividual will respondto uncer-
tainty by her intertemporalsavingsandconsumptiondecision.In thepresenceof capital
markets,theagentmayhave a motive for precautionarysaving to self–insureagainstfu-
ture incomerisk. This aspectwasfirst discussedby Leland(1968)andSandmo(1970),
or morerecentlyby Caballero(1990),Weil (1993)andvan der Ploeg (1993). Another
meansto smoothlifetime consumptionis a tax–transferpolicy, which itself impactson
the intertemporallyoptimaldecision,asdescribedabove. The interdependencebetween
uncertainty, savingsandtaxationgainsabroaderinterpretationif it is discussedwithin the
theoryof endogenousgrowth.

In moderngrowth theory, thegrowth rateof theeconomyis endogenouslydetermined
by individual intertemporaloptimization. For sufficiently risk averseagentsa decrease
in risk leadsto a decreasein (precautionary)savings andthuslowersthe endogenously
determinedgrowth rate.As aconsequence,two oppositewelfareeffectscanbeidentified:
Thedecreasein uncertaintyinducesapositiveprimarywelfareeffect,whereasadecrease
in thegrowth ratehasawelfarediminishingsecondaryeffect. It is possiblethatthesecond
effectoutweighsthefirst, andconsequentlytheagentmaysuffer welfarelosses,although
theeconomyhasbecomelessrisky. This outcomecontradictsthecommonintuition that
a risk averseindividual alwaysprefersa saferenvironmentto a riskier one. It wasfirst

1



discussedby Devereuxand Smith (1994) and Femminis(1995). The contributions of
GreenwoodandJovanovic (1990),Obstfeld(1994)andvanWincoop(1994)discussrisk
sharingin modelsof endogenousgrowth. They unanimouslyfind positive net welfare
effects.This resultcanbederivedwithin asettingof intertemporaloptimizationthatleads
to competitiveequilibriathatareidenticalto thePareto–optimalallocationof abenevolent
socialplanner. In particular, theauthorsconsideredthelinear, AK–type technologyasin
JonesandManuelli (1990).

Theunambiguityof welfareeffectsvanishesif oneallowsfor theclassof endogenous
growth modelswith positiveexternaleffectsin humancapitalaccumulationasin Romer
(1986).In this typeof modeltheindividualneglectsherown contributionto theaggregate
capitalstock.Thestockof knowledgeis regardedasaconstantin individualoptimization
and the private marginal productof capital falls short of the social return. Thus, the
competitively chosengrowth rateof theeconomyis lessthanthePareto–optimalone. If
weapplytheargumentfrom above,thefollowing resultscanbestated:A decreasein risk
reducessavings anddrives the suboptimallylow competitive growth rate further away
from theoptimalone.Thisgivesriseto asituationwherethewelfareenhancingeffectsof
a lessrisky environmentareoutweighedby thewelfarediminishingeffectsof a reduction
in theexpectedgrowth rate,aswasshown in ClemensandSoretz(1997).

In this context, the resultsregardingthe intertemporaltax–transferpolicy described
above have to be reexamined. It is questionable,whetherthe insuranceeffect of fiscal
policy leadsto welfaregainsfor this classof models.

Our paperis relatedto a recentcontribution by Smith (1996), who useda setting
quitesimilar to oursbut did notconsidertwo significantaspects:First,heneglectedlabor
in production.Second,in his model,regulargovernmentexpenditureexhibits the same
stochasticcharacteristicsas tax receipts. Relaxingtheseassumptionsandallowing for
publicdebt,wearenotableto confirmhis resultswith regardto welfareeffectsor theop-
timal tax rate,respectively. Ourmodelset–up,constructedpurposelyto easecomparison,
is closeto Eaton(1981)andTurnovsky (1993). In particular, we considera differential
tax rateon thestochasticanddeterministiccomponentsof income.We demonstratethat
anincreasein thetax rateon meanincomeunambiguouslyreducestheendogenouslyde-
terminedgrowth rate,but unexpectedlymayleadto welfaregains.Moreover, anincrease
in thetax rateon randomincomepartsincreasesgrowth, but mayleadto welfarelosses.
Theseresultscontradicttheusualfindingsin the literatureof taxationunderuncertainty
in growing economies.

Thepaperis organizedasfollows. Section2 describesthemodelandtheresultsfrom
individual intertemporaloptimization. Section3 determinesthe competitive macroeco-
nomic equilibrium,while section4 discussesgrowth, portfolio, andwelfareeffectsof a
changein theincometax rates.Section6 briefly summarizestheresults.
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2 The Model

The economyis populatedby identical infinitely–lived individuals who maximizethe
intertemporalobjective ���

0�	� E0


 ∞

0
U �C � t �� e� βt dt � (1)

E0 denotesthemathematicalexpectation,conditionalon time 0 information,C
�
t � is time

t consumption,e� βt representsthe discountfactor with the instantaneousrate of time
preferenceβ � �

0 � 1� . Thecurrentperiodutility functionU �C � t ��� is strictly concave and
takestheconstantrelativerisk aversion(CRRA) form

U �C � t ������ 1
1 � ρC

�
t � 1 � ρ ρ � 0 � ρ �� 1

lnC
�
t � ρ � 1

� (2)

ρ denotesthemeasureof relative risk aversionandequalsthereciprocalof theintertem-
poralelasticityof substitution.1

The representative firm producesa homogenousgood accordingto the stochastic
Cobb–Douglasfunction

dY
�
t �	� γ K

�
t � α � L � t � A � t ��� 1 � α � dt � dy

�
t ��� α � � 0 � 1��� γ � 0 � (3)

LaborL is suppliedinelasticallyandnormalizedto unity. K
�
t � is thestockof physicalcap-

ital. Usingthelearning–by–doingsettingdevelopedby Arrow (1962),A
�
t � representsthe

stockof knowledgeanddisplaysthecharacteristicsof apublicgood.It actsasaHarrod–
neutralgrowth parameterandis enhancedby investmentin physicalcapital. Following
Romer(1986),in equilibrium,A

�
t � equalsK

�
t � , theeconomy–widestockof capital.Due

to the knowledgespillover, aggregateproductionis linear in capital, thus inducingon-
going growth. For simplicity, depreciationis neglected. The Wienerprocessdy

�
t � is a

continuousstochasticMarkov process,i. e. thedisturbancesareseriallyuncorrelatedand
dy � N

�
0 � σ2dt � . In eachtime incrementthe productionis affectedby a Hicks–neutral

technologicaldisturbance.
Thegovernmentleviesa flat–rateincometax on wageandcapitalincomes.The tax

ratesτi � i � d � s aresetseparately, asin Eaton(1981),in orderto disentangletheeffects
of taxationof deterministicandrandomincomeparts

dT
�
t �	� γ K

�
t � α � L � t � A � t ��� 1 � α � τd dt � τs dy

�
t ��� τi � � 0 � 1��� (4)

Furthermoretheagentsreceive a deterministictransferin a constantfractionθ of wealth
W
�
t �

dΘ
�
t ��� θW

�
t � dt θ � � 0 � 1��� (5)

1Theempiricaldifficultiesconcerningtheestimationof thesetwo parametersandtheresultingconse-
quencesfor economicmodelingwill be neglectedin this paper. For a comprehensive discussionof non–
expectedutility models,thereaderis referredto EpsteinandZin (1989)andWeil (1990).
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Thegovernmentbalancesits budgetby issuingbonds.Theindividual thushastwo ways
of saving income:investingin risky physicalcapitalor investingin financialcapitalthat
paysa surenominal interestrate.2 However, the market value of thesebondsB

�
t � is

stochasticandreflectstherandomdisturbancesin theeconomy. WealthW
�
t � is thesum

of holdingsof thetwo assets
W
�
t ��� B

�
t ��� K

�
t ��� (6)

with theportfolio sharesnB � nK, theinitial valuesK
�
0��� K0 � B � 0� � p0b0 andtheinitial

price p
�
0��� p0. Thestochasticprocessesfor therealratesof returndRK � dRB on thetwo

assetsandthestochasticwageprocessdRL aregivenby

dRK � rK dt � dzK

dRB � rBdt � dzB (7)

dRL � ωdt � dzL �
Theexpectedratesof returnaredenotedby rK � rB andthewagerateby ω respectively.

Theobjectiveof therepresentative agentis to selectherrateof consumption,aswell
asherportfolio of assets,in orderto maximizetheexpectedvalueof lifetime utility over
aninfinite planninghorizonsubjectto thestochasticwealthaccumulationequation

max
C ! nK ! nB !W E0


 ∞

0
U �C � t �� e� βtdt (8)

s. t. dW �"� � nBrB � nK
�
1 # τd � rK � θ � W � �

1 # τd � ω # C� dt � dw (9)

and nB � nK � 1 (10)

with K0 � b0 � y � 0� given,anddw � W
�
nBdzB � nK

�
1 # τs� dzK �$� �

1 # τs� dzL.

The valuefunctionV �W �
t �%� t � denotesthe maximumfeasiblelevel of lifetime utility

if the individual startsin time t with wealthW
�
t � . It is assumedto be time–separable

V �W �
t �%� t ��� e� βt G �W �

t �� . To solve theoptimizationproblemabove,onehasto consider
that the stochasticprocessof wealthis continuousbut not differentiablewith respectto
time. The stochasticdifferentialof the valuefunction is derived by applicationof Itô’s
Lemmaandallows for theset–upof thefollowing Lagrangean& � e� βt ' U

�
C �(# βG � GW � � nBrB � nK

�
1 # τd � rK � θ � W � �

1 # τd � ω # C�
� 1

2
GWW σ2

W � λ � 1 # nB # nK �*) (11)

wherethe subscriptsdenotethe partial derivativesfor the respective argumentand the

varianceof wealthis givenby σ2
W � E + dw, 2

dt .

2For simplicity, thebondsareconsideredto beperpetuities.
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Thefirst–orderconditionsaregivenby

∂
&

∂C
� U - � C �(# GW � 0 (12)

∂&
∂nB

� GWrBW � 1
2

GWW
∂σ2

W

∂nB
# λ � 0 (13)

∂
&

∂nK
� GWrK

�
1 # τd � W � 1

2
GWW

∂σ2
W

∂nK
# λ � 0 (14)

∂&
∂λ

� 1 # nK # nB � 0 (15)

∂
&

∂W
� GW

�
nBrB � nK

�
1 # τd � rK � θ # β �$� 1

2
GWW

∂σ2
W

∂W
(16)� GWW � � nBrB � nK

�
1 # τd � rK � θ � W � �

1 # τd � ω # C�.� 1
2

GWWWσ2
W �

Equation(12) displaysthe well known resultfrom intertemporaloptimizationof equal-
izedmarginalutility of consumptionacrosstime. It determinestheaccumulationprocess
togetherwith (16). Equations(13) and(14) form the usualconsumerassetpricing re-
lationship. (16) replacesthe Bellmanequationwhich is commonlyusedin this kind of
model.Sincewe aredealingwith suboptimalcompetitiveoutcomes,Bellman’sPrinciple
of Optimalitycannotbeappliedhere. A feasibleconsumptionprogram,i. e.convergence
of lifetime utility (8), hasto satisfya transversalitycondition

lim
t / ∞

Et 0 G � W � e� βt 1 � 0 � (17)

This conditionis usuallymet if the propensityto consumeout of wealth is positive, as
shown in Merton(1969).

The optimal valuesfor consumptionand the portfolio sharesare functionsof the
derivativesGW andGWW of thevaluefunctionandtogetherform astochasticdifferential
equationin G

�
W � . To proceed,a functionG

�
W � hasto befoundthatsolvesthefirst–order

conditionsandthusmaximizesthestochasticintegral (8). We guessthat in equilibrium
consumptionandwealthgrow at a commonrate. Hence,asMerton (1971),we assume
theconsumption–wealthratio to beaconstantfractionof wealth

C
�
t ��� µW

�
t �%� (18)

Underthisassumptionthefunctionalform of lifetime utility G
�
W � correspondsto current

period utility U
�
C � . The propensityto consumeout of wealth µ, as well as the other

endogenousvariables,areto bedeterminedin macroeconomicequilibrium.
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3 Macroeconomic Equilibrium

Theresultsfrom individualoptimizationof thepreceedingsectioncannow beemployed
to determinethe overall macroeconomicequilibrium. The parametersfrom the utility
function ρ andβ, from the productionfunction α and γ aswell as the tax/transferpa-
rametersτd � τs andθ areexogenousto thesystem.Furthermorethestochasticprocessdy
is exogenouswhile the stochasticprocessesfor the real ratesof return,wealthandthe
wageprocessdzK � dzB � dw� dzL have to be determined.The endogenousparametersare
rB � rK � ω. In additiontheportfolio shares,theconsumption–wealthratio, theendogenous
growth rate,ϕ, theinitial marketvalueof bonds,andinitial wealthhaveto bedetermined.

We assumeperfectcompetitionin the factormarketsso that the wagerateand the
rental rateon physicalcapitalaregiven by the usualmarginal productivity conditions.
Additionally, in equilibrium the stockof knowledgeequalsthe economy–widestockof
physicalcapitalandtherealpre–taxratesof returnare3

dRK � αγ � dt � dy�
dRL � �

1 # α � γ K
�
dt � dy���

To derivemacroeconomicequilibriumconditions,it is necessaryto establishthegovern-
mentbudgetconstraint.Governmentdebtis theresidualfrom thestochastictax receipts
andthedeterministictransferpayment.Themarket valueof governmentbondsevolves
accordingto4

dB
B

�32 rB � θ
nB

# γτd
nK

nB 4 dt � dzB # γτs
nK

nB
dy� (19)

The market clearingconditiondK � dY # C dt immediatelyleadsto the accumulation
equationof physicalcapital.Thestockof physicalcapitalevolvesaccordingto

dK
K

� 2 γ # C
nKW 4 dt � γ dy (20)

anddeterminestheequilibriumstochasticgrowth rateof theeconomy.
It is reasonableto assumethatportfolio sharesjustaswell astheconsumption–wealth

ratioareconstantin equilibrium.Thesteadystateis thencharacterizedby non–stochastic
functionsC 5 W andnB � nK of theunderlyingparameters.As will bedemonstratedbelow,
thisstatementis equivalentto all assetsgrowing atacommonrate.Constancy of portfolio
sharesimpliesnot only thatK � nK W andB � nBW in thestaticsense,but furthermore
dK � nK dW anddB � nB dW. Hence,

dW
W

� dK
K

� dB
B
� (21)

3Theresultsfor thesocialplannercansimply bederivedby settingα 6 1.
4Notethatthereis no restrictionimposedon thesizeof theportfolio shareof governmentbonds.
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To solve for the equilibrium, we first considerthe stochasticcomponentsof the wealth
constraint(9) andtheaccumulationequations(19)and(20). Thestochasticcomponentof
therealrateof returnon bondsis givenby

dzB � γ
nB

�
nB � τsnK � dy (22)

After this,asolutionfor thestochasticcomponentof thewealthaccumulationequationis
obtained

dw � γW dy� (23)

From this canbeseenthat finally all endogenousstochasticprocessesaredrivenby the
singleexogenousproductivity shock.This is theonly sourceof uncertaintyin theecon-
omy. Utilizing the propertiesof the stochasticprocess,the varianceof wealth can be
derivedfrom thebudgetconstraintand(23)as5

E
�
dw� 2
dt

� σ2
W � γ2σ2W2 � (24)

Theresultsobtainedsofarcanbeusedto determinetherealrateof returnonbonds.From
theconsumerassetpricing relationship(13)and(14)andfrom (18) follows

rB � αγ � 1 # τd �$� ργ2σ2 2 � 1 # α � � 1 # τs��� τs

nB 4 � (25)

Equation(25) displaysthe well-known result from financetheory: The expectedreal
(after–tax) ratesof returnon physicalcapitalandbondsdiffer by theamountof the risk
premium,i. e.thesecondtermontheright-handsideof (25). Therisk premiumis of neg-
ativesignif capitalis theriskierasset,andviceversa.Therelationshipfor therealinterest
rateonbondsis combinedwith theresultsfor thestochasticprocesses(dw� dzB � dzK � dzL),
theguess(18),andthefirst–orderconditiononportfolio shares(15)andconsumption(12)
to derive theconsumption–wealthratio from (16)

C
W

� µ � β
ρ
� ρ # 1

ρ
�αγ � 1 # τd �$� θ �.� nK γ � 1 # τd � � 1 # α �

� γ2σ2 7 1 # ρ
2

� � ρ # 1� τs # �
1 # α � � 1 # τs� � 1 # ρnB �98:� (26)

The propensityto consumeout of wealth is a function of the parametersof the model,
someof thema priori consideredconstant,the othersshown to be constantin equilib-
rium. Consequently, theconsumption–wealthratio is alsoconstantin steadystate,aswe
conjecturedabove.

5Thecovariancesof therealratesof returnareimplicitly containedin thefirst-orderconditions(13),(14)

and(16). They aregivenby cov ; dw< dzB = 6 γ2

nB
σ2 > nB ? nKτs @ dt andcov ; dw< > 1 A τs @ dzK = 6 αγ2σ2 > 1 A τs @ dt.
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The relation for optimum consumptiontogetherwith the wealth constraint(9) can
now beappliedto solve for wealthaccumulation.Takingexpectationsallows for thede-
terminationof theexpectedgrowth rate.Notethatdueto thepropertiesof theunderlying
stochasticprocessE � dy��� 0. Hence,the term dw from (23) vanishes. The expected
growth rateof theeconomyϕ �CB 1

W
EdW

dt D is thengivenby

ϕ � 1
ρ
�αγ

�
1 # τd ��� θ # β �.� γ2σ2 7 ρ � 1

2
# α

�
1 # τs� 8 � (27)

Theexpectedgrowth rateis thesumof a deterministicanda stochasticterm. From(27)
weconclude,thattheexpectedgrowth ratedeviatesfrom thegrowth rateof thedetermin-
istic Arrow–Romermodel.6 Additionally, second-ordereffectsfrom thevarianceof the
technologicaldisturbancehave to betakeninto account.

Theexpectedgrowth rateis determinedendogenouslyanddependson thefactorsthat
affect aggregatesavings. Higher valuesof β imply lower savings and consequentlya
lower growth rate. Additionally, the impactfrom transferpaymentscanbelearnedfrom
(27). A risein transferpaymentsincreasesthemeangrowth rate,asthedeterministicpart
of incomeincreases.The analysisof a changein the tax parametersτd andτs andthe
impactof themeasureof relativerisk aversion,ρ, capitalproductivity, α, andthevariance
of the technologicaldisturbanceσ2 on the expectedgrowth ratewill be deferredto the
next section.

Finally, thecapitalshareof wealthandtheportfolio shareof governmentbondscan
bederived

nK � β # �
1 # ρ �	E ϕ # 1

2ργ2σ2 F
γτd � αγ � 1 # τd �G# ϕ � ργ2σ2 � 1 # α � � 1 # τd � (28)

andresiduallynB � 1 # nK . Thedefinitionof nK andnB allows for thedeterminationof
initial wealthandtheinitial market valueof bondsin termsof theinitial capitalstockK0

andtheendogenouslydeterminedportfolio shares

W
�
0�	� K0

nK
� and B

�
0�	� nB

nK
K0 � (29)

Thelaw of motionof wealthis describedby a geometricdiffusionprocess,i. e.wealthis
log–normallydistributedandfollowsa randomwalk with positivedrift. By Itô’s Lemma
time t wealth,startingfrom initial wealthW

�
0� at time0, is givenby

W
�
t �	� W

�
0� e� ϕ � 1

2 γ2σ2 � t H γσ I y + t , � y + 0,KJ � (30)

6Thegrowth rateof thedeterministicsettingcorrespondsthethecaseσ 6 0.
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4 Differential Tax Policy

The macroeconomicequilibrium determinedin the previous sectionis now subjectto
a comparative dynamicanalysis. The main objective is now, to examinewhetherthe
stochasticmodelreplicatesthe main resultsfrom the theoryof taxationundercertainty.
Following Chamley (1981,1986)andJudd(1985)thelongrun tax rateoncapitalincome
shouldbezero.Ontheotherhand,from DomarandMusgrave(1944)andStiglitz (1969),
we have the notion that taxationprovidessomesort of insuranceagainstintertemporal
incomerisk. Our aim is now to analyzethemacroeconomiceffectsof a differentialtax
policy. Wedemonstratethatin thegeneralequilibriumcontext consideredhere,theques-
tion of taxincidenceis notatrivial one.Thecentralpointof interestis whetheranincrease
in thetax ratescauseswelfaregainsor welfarelosses.In particular, wederiveambiguous
welfareeffectsof taxation.Of importancein explainingthis resultwill betheinterdepen-
dencebetweentheattitudetowardsrisk, thetaxparametersandthecapitalproductivity in
thedeterminationof theexpectedgrowth rateandthewelfareof theeconomy.

Recallingtheset–upof individual optimization(8), themaximizedvalueof lifetime
utility in theeconomy, startingfrom initial wealthW

�
0�	� K0

nK
, is givenby

G �W �
K0 ��� 0�L� K1 � ρ

0

1 # ρ M µ1 � ρ M nρ � 1
K

β # �
1 # ρ �	E ϕ # 1

2 ργ2σ2 F � (31)

From(31) it is obviousthatthekey way in which taxesimpacton theeconomyis through
consumptionandportfolio choiceandthegrowth rate,respectively. Ceterisparibus,arise
in thepropensityto consumeaswell asin theexpectedgrowth rateinduceswelfaregains.
In contrastto this, a rise in the portfolio shareof capitalcauseswelfarelossesdueto a
simultaneousfall in theendogenouslydeterminedmarket valueof thestockof financial
wealth(29). The marginal propensityto consumeout of wealth,the portfolio sharesas
well asthegrowth ratedependonthetaxrates.Consequently, for eachvariablethepartial
derivativewith respectto thetax ratehasto bedetermined.

Proposition 1 (Growth Effects) A rise in thetaxrateonmeanincomeleadsto a decline
in expectedgrowth.A rise in thetax rateon randomincomepartsincreasestheexpected
growthrate.

∂ϕ
∂τd

� # 1
ρ

αγ N 0 (32)

∂ϕ
∂τs

� αγ2σ2 � 0 (33)

As labor is inelasticallysupplied,only the effects on capital accumulationhave to be
considered.The negative growth effect in (32) can be explainedas follows: The real
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after–tax rateof returnon physicalcapitalis reduced,causingphysicalcapitalto be less
attractive. In this casethedistortionaryimpactof a flat–rateincometax on intertemporal
allocationcanbe observed. Thechangeof thegrowth rateis equalto thechangein the
interestratemultipliedby theelasticityof intertemporalsubstitution.

Contraryto this,anincreaseof τs stimulatesgrowth,becauseit changestheriskinessof
disposableincome.In particular, it reducesthevarianceof returnon capital,whereasthe
expectedreturnremainsunchanged.In termsof RothschildandStiglitz (1970),taxation
of transitoryincomesdisplaysthe characteristicof an invertedmeanpreservingspread.
This resultreflectsthe introductorystatementthat taxationprovidesa sort of insurance.
Governmentparticipatesin incomerisk andphysicalcapitalbecomesmoreattractive.7

Thechangein optimalportfolio choicewith respectto thetax ratesis givenby8

∂nK

∂τd
� 1 � ρ

ρ αγnB # γnKO
D P (34)

∂nK

∂τs
� αγ2σ2 � ρ # 1� nB � ργ2σ2nKO

D P (35)

with
O
D PRQ γτd � αγ

�
1 # τd ��# ϕ � ργ2σ2 � 1 # α � � 1 # τd � . In the following, all results

derivedfor theportfolioshareof physicalcapitalapplyto financialwealthnB with opposite
sign.

Proposition 2 (Portfolio Effects I) Theportfolio shareof physicalcapitaldecreases(in-
creases)with a rise in thetax rateon permanent(transitory)income, if thecoefficientof
relativerisk aversionor nK aresufficientlyhigh:

ρ S 1 T nK S 1 �	U � ∂nK
∂τd

N 0
∂nK
∂τs

� 0 � (36)

Whethertheportfolio shareof physicalcapitalriseswith a changein thedifferentialtax
ratesfirst of all dependson the attitudetowardsrisk being greateror lessthan unity.
Second,it is of importancewhetherthe agentsare net lendersor net borrowers to the
state,i. e. whethertheportfolio shareof capitalfalls shortof or exceedsunity, sincewe
have imposednorestrictionson theportfolio shareof governmentbonds.

With anindex of relative risk aversionsufficiently high (ρ S 1), theportfolio shareof
capitaldecreaseswith a risein thetax rateon meanincomeτd andincreaseswith thetax

7With a uniform tax rate,thegrowth diminishingeffectof taxationwould outweighthegrowth enhanc-
ing effectof a risein thetax rateonly if 1 V ρ W γσ2. This conditionensuresthat thecertaintyequivalentof
portfolio returnis of positivesign.

8ThedenominatorX D Y of nK in (28)hasto bepositivefor feasiblesolutionsof themodelasthetransver-
sality conditionhasto besatisfied.
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rateon randomincomeτs independentlyof thesizeof theportfolio shares.This reaction
expressesthechangein returnon capital,aswasalreadydiscussedfor thegrowth effects
above. On theonehandtaxationcausesphysicalcapitalto bea lessattractive asset,on
theotherhandit providesaninsuranceagainstrisk.

With nK � 1, the governmentis a net–lenderto the public. Although this situation
is quite unrealistic,it is neverthelessfeasible. The presentvaluesof primary surpluses
have to suffice to pay off existing debt,which correspondsto B

�
0�ZN 0. Otherwise,the

intertemporalbudgetconstraintwill not be met. With financial wealth growing at the
constantexpectedgrowth rateϕ, this implies a negative stockof bondsat all pointsof
time. Hence,theinsightsfrom debtpolicy undercertainty, asdiscussede.g. in Turnovsky
(1993,1996),extendto thestochasticcontext. Thegovernmentusesits interestincome
from beinganet–creditorto theprivatesectorto financeits continuousdeficit.

Consideringtheimplicationsof proposition2 theportfolio respondsto changesin the
net–returnsof assetsin awayonewould haveexpected.Dueto taxationthecomposition
of theportfolio changes:in favourof bondswith a risein τd, in favour of physicalcapital
with achangein τs.

Proposition 3 (Portfolio Effects II) The portfolio share of physical capital increases
(decreases)with a rise in the tax rateon permanent(transitory)income, if nK is within
theunit interval andthedegreeof relativerisk aversionis sufficientlylow:

nK � � 0 � 1�\[ ρ ] αnB

nK � αnB
�	U � ∂nK

∂τd
� 0

∂nK
∂τs

N 0 � (37)

Taking regardof the equilibrium valueof the real rateof returnon bonds(25) together
with (28), we have to considerthat a changein the tax rateon meanincome,doesnot
only affect thefirst component,but alsotherisk premium.Thelatterreflectsa changein
theriskinessof returnonfinancialwealth.Thus,undertheconditionsof proposition3 the
portfolio respondsto taxationof meanincomewith an increasein theshareof physical
capital.Theoppositeresultsareobtainedfor anincreasein thetaxrateonrandomincome
parts,asfirst demonstratedby Eaton(1981).

Finally, theconsumptioneffectsof achangein taxrateshaveto beexamined.Whether
a tax policy increasesor decreasestheconsumption–wealthratio (26),dependsof course
onthetaxratesastaxationaffectstheintertemporalallocationof consumptionandsaving.
Moreover, theeffectof achangein optimalportfolio choicehaveto betakeninto account.
Hence,

dµ
dτi

� ∂µ
∂τi

� ∂µ
∂nK M ∂nK

∂τi ^ 0 � (38)

Thepartialderivative ∂µ
∂τi

measuresthedirect impactof a changein tax rates.In detail,it
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is givenby

∂µ
∂τd

� 1 # ρ
ρ

αγ # nK γ � 1 # α � (39)

∂µ
∂τs

� γ2σ2 � α � ρ # 1�$� �
1 # α � ρnK � (40)

Fromthis follows immediately:

Proposition 4 (Consumption Effects I) The propensityto consumeout of wealth de-
creases(increases)ceterisparibuswith a rise in thetax rateon mean(random)income,
if theArrow–Pratt–index of relativerisk aversionis sufficientlyhigh. Theoppositeresults
applyfor a relativerisk aversionsufficientlylow.

∂µ
∂τd _ 0

∂µ
∂τs ^ 0 `bac d U ρ ^ α

nK � αnB
� (41)

A highdegreeof risk aversioncorrespondsto alow intertemporalelasticityof substitution
(15 ρ). In this casethe agentdislikesdeviationsfrom a uniform patternof consumption
overtime. An increasein thetaxrateonmeanincomeleadsto adecreasein expectedcapi-
tal return.In orderto compensatethiseffectandto smooththeintertemporalconsumption
flow, theindividual increasessavings.Theconsumption–wealthratio reactsconverselyto
achangein thetwo taxratesandthereis a trade–off in thesizeof theattitudetowardsrisk
andthefactorincomeshares.

Dueto theaggregateproductivity shock,individual incomeis stochastic.As long as
the agentsaresufficiently risk averse,thereis a motive for precautionarysaving. Fol-
lowing Leland(1968)andSandmo(1970),this is definedasadditionalsavingscausedby
the uncertaintyof future incomeflows. A precautionarymotive ariseswith decreasing
absoluterisk aversion. A constantdegreeof relative risk aversion(ρ � 0) satisfiesthis
condition. In contrastto this, uncertaintyin interestratesonly causesprecautionarysav-
ing for a degreeof relative risk aversionsufficiently high (ρ S 1). In our modelsetting,
theagentsareconfrontedwith risky wageincomeaswell asuncertaininterestrates.Thus,
thefractionon theright handsideof (41) is lessthanunity. Whethertheagentdemands
highersavingsoutof precautionarymotives— which immediatelyinduceshighergrowth
— first of all dependson the degreeof risk aversion. As canbe seenfrom the defini-
tion of thegrowth rate(27), thesignof thesecondtermis alsoinfluencedby thesizeof
capitalincomeshare,the tax rateon stochasticincomesandthevarianceof the random
shock.Individualoptimizationleadsto precautionarysaving if theintertemporalincome
effect dominatesthe intertemporalsubstitutioneffect, i. e. if thediffusioncomponentin
theexpectedgrowth rateis of positive sign. In this case,theinsuranceeffect of a rise in
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the tax rateon randomincomepartsinducesan increasein consumption.Theopposite,
i. e. lowersavings,follows from thedominationof thesubstitutioneffect.

Additionally, from (38) can be seenthat the consumption-wealthratio respondsto
changesin theoptimalportfolio. Thepartialderivative ∂µ

∂nK
is alsoof ambiguoussignand

mainlydependsontherelationof thetwo taxratesandthesizeof thetechnologicalshock,
thatis

∂µ
∂nK

� γ � 1 # α � � 1 # τd �G# γ2σ2ρ � 1 # α � � 1 # τs��� (42)

Proposition 5 (Consumption Effects II) Giventheratio of thetax rates,thepropensity
to consumeincreases(decreases)ceterisparibus with a rise in the portfolio share of
physicalcapital, if theimpactfromincomerisk is sufficientlyweak(strong).

∂µ
∂nK ^ 0 d U 1 # τd

1 # τs ^ ργσ2 (43)

An increasein theportfolio shareof physicalcapitalleadsto higherexpectedgrowth thus
enlarging not only futureincomeflows but alsothevolatility of futureincome.Whether
this increasescurrentconsumptiondependson theintertemporalelasticityof substitution
aswell ason theoptimalresponseto risk.

Consideringthesignof thepartialderivative ∂nK
∂τi

from (38), thestatementsof propo-
sition 2 and3 apply.

We now examinethe impactof a differential tax policy on lifetime utility. We will
demonstratethat it is impossibleto derive unambigouswelfareeffects. Neitherwelfare
lossesdueto an increasein τd nor welfaregainsdueto a rise in τs canbe determined
with certainty. Two of theimplicationsareof majorinterest:An increasein themeantax
ratereducesgrowth, thusdriving thegrowth rateaway from thePareto–optimalone,but
possiblyinducingwelfaregains.On thecontrary, anincreasein thetax rateonstochastic
incomecomponentsunambiguouslyleadsto ahighergrowth rate,reducesincomeuncer-
tainty, but maycausewelfarelosses.

Themarketclearingcondition(20)cannow beemployedto rewrite theexpressionfor
lifetime utility (31). With µ � nK

�
γ # ϕ � , thewelfareeffectsof a changein thetax rates

τi � i � d � s is givenby

∂G
∂τi

� K1 � ρ
0

�
γ # ϕ � � ρB β # �

1 # ρ � E ϕ # 1
2ργ2σ2 F D 2 M ∂ϕ

∂τi M 2 γ # β # ρ ϕ # 1
2
�
1 # ρ � ργ2σ2 4 � (44)

Thefirst term is positive, aswe requirea positive propensityto consumeandlikewisea
positive portfolio shareof capital(µ � nK � 0) to obtainfeasiblesolutionsfor the model.
The secondterm representsthe growth effectsdiscussedwith proposition1. The third
termis of ambiguoussignandreflectstheoptimalresponsein consumptionandportfolio
choice.

13



Proposition 6 (Welfare Effects) Thewelfareeffectof differential taxationis ambiguous.
Taxationof permanentaswell asof transitoryincomemaycausewelfaregainsor losses.

∂G
∂τd _ 0

∂G
∂τs ^ 0 `bac d U γ # β # ρ ϕ # 1

2
�
1 # ρ � ργ2σ2 ^ 0 (45)

If thethird expressionin equation(44) is positive, thewelfareeffectsparallelthegrowth
effects: An increasein thetax rateon meanincomeτd reducestheexpectedgrowth rate
andleadsto welfarelosses.A rise in the tax rateon randomincomepartsτs increases
growth andinduceswelfaregains.Theseoutcomesconfirmtheknown resultsfrom liter-
atureon tax incidenceandwill bereferredto as‘normal’ welfareeffects.An increasein
thetax rateon deterministicincomecomponentshasa distortionaryeffect on accumula-
tion. An increasein thetax rateon stochasticincomecomponentslowersthevarianceof
wealth,thusproviding akind of insurance.

Otherwise,if the third term is negative, the impact from tax policieson the growth
ratearereverseddueto consumptionandportfolio effects:A highertax rateτd increases
welfare,whereasa highertax rateτs reducesmaximumlifetime utility. In thefollowing,
thesecounter–intuitiveresultswill bedenotedas‘paradoxical’welfareeffects.They can
beascribedfirst of all to themain featuresof thestochasticArrow–Romer–Model. The
agentsunderestimatethemarginal returnoncapital.Thecompetitiveallocationis charac-
terizedby a suboptimallylow growth rateandsuboptimallyhigh propensityto consume.
Thus,any taxpolicy is to bediscussedwithin asecond–bestsetting.Additionally, all fiscal
policy parametersarerelevant to individual optimization.Taxationdoesnot only distort
theallocationof consumptionover time, but alsoaffectstheoptimalcompositionof the
portfolio. In particular, theentireconsumptioneffectof achangein taxratesis ambiguous
dueto the interdependenceof consumptionandportfolio choice.Moreover, an increase
in nK simultaneouslyinducesareductionin theinitial marketvalueof governmentbonds.
This immediatelyleadsto a devaluationof wealthandcauseswelfarelosses.Vice versa,
a decreasein nK causeswelfaregains.

Summarizingtheseresults,welfaregainsfrom an increasein thepropensityto con-
sumeoutof wealthaccompaniedby adecreasingportfolio shareof capitalmayoutweigh
thewelfarelossesfrom lower growth dueto taxationof meanincome. On thecontrary,
a reductionin theconsumption–wealthratio or an increasein theportfolio shareof cap-
ital leadsto negative welfareeffectsthatpossiblyoffset thepositive welfareeffectsof a
growth enhancingtaxationof transitoryincome.It is importantto stressthatparadoxical
welfareeffectsof bothtaxpoliciesoccurwithin thesameparametersetting,ascanbeseen
from proposition6.
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5 A Special Case: Logarithmic Preferences

To illustrate our resultsand for the sake of transparency, we now discussthe caseof
logarithmicpreferences.Summarizingthepropositions1 to 5, we learnthatgrowth, port-
folio, andconsumptioneffectsmay impacton welfarein oppositedirections.Assuming
logarithmicpreferencessimplifiessomeof the effects. This allows for a morerigorous
understandingof theinteractionof thekey macroeconomicvariablesin thedetermination
of welfarechanges.

With ρ � 1, thevaluefunctiontakestheform

G �W �
K0 ��� 0�L� 1

β2 M 7 β ln
�
γ # ϕ �$� ϕ # 1

2
γ2σ2 � β lnK0 8 � (46)

Thewelfareeffectsof achangein thedifferentialtax ratesgivenby (44)simplify to

dG
dτi

� �
γ # ϕ � � 1

β2 M ∂ϕ
∂τi M � γ # ϕ # β �e f.g h

E

� (47)

Thefirst termis positivefor feasiblesolutions,asdiscussedin theprevioussection.Term
‘E’ still is of ambiguoussign.Thegrowth effectsremainunchanged,i. e. theresultsfrom
proposition1 apply. The portfolio shareof physicalcapitaldefinitely decreaseswith a
risein thetaxrateonmeanincome.Theoppositereactioncanbeobtainedfor anincrease
in the tax rateon randomincome. Both outcomescanbe derived from proposition2.
The entire consumptioneffects remainambiguous. Taking regard of the direct effect
from proposition4, theresultis now clear–cut: Theconsumption–wealthratio decreases
with a rise in τd, while it increaseswith a rise in τs. Whereasthis effect is definite,
the responseof consumptionto a changein portfolio compositionis indeterminate.The
agentsareconfrontedwith incomerisk aswell aswith uncertainfuturereturns.Fromthis
followsimmediatelythatevenwith logarithmicpreferencestheconsumption–wealthratio
respondsto changesin thetax rates,asalreadydiscussedabove. Mutual independenceof
consumptionandportfolio choiceis no longerpreserved. The latter is usuallypredicted
within theintertemporalC–CAPMsettingfor theassumptionof logarithmicpreferences,
asin Merton (1969). Consequently, our outcomesdiffer from thecorrespondingresults
of thelinearstochasticgrowth modelasin Turnovsky (1995).

Substitutionfor theexpectedgrowth ratein (47) leadsto thefollowing expressionfor
term‘E’

E � γ � 1 # α
�
1 # τd ��i# θ # γ2σ2 � 1 # α

�
1 # τs���j� (48)

Thequestionof a specificpolicy mix is a crucialone. Theproportionof fiscalexpendi-
ture andrevenueparametersdecidesuponthe sign of the term ‘E’ andhenceuponthe
directionof welfareeffects.Furthermore,thesizeof theexternaleffect of humancapital
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accumulationplaysanimportantrole. Without this externality, that is α � 1, thesignof
‘E’ would entirely dependon the portfolio shareof governmentbondsto be greateror
lessthanzero.Paradoxicalwelfareeffectsin this casemayonly arisefor nB N 0.9

Becauseit is notpossibleto restricttheformalanalysisany further, weperformsome
numericalcomputations.Thecoefficient α is assumedto bea broadmeasureof physical
capital including alsohumancapital. We setα � 0 � 7. Let furthermorethe rateof time
preferencebeβ � 0 � 05. Thestandarddeviation of the technologicaldisturbanceaswell
astheoutput/capitalratioweresetaccordingto Smith(1996)with σ � 0 � 76andγ � 0 � 5.
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Figure1: ‘Normal’ welfareeffectsof adifferentialtaxpolicy

The black shadedarearepresentsall tax–transferpolicies generatingthe so–called
‘normal’ welfare effectsof taxation(‘E’ � 0) which are compatiblewith feasiblecon-
sumptionprograms.Thatis thepropensityto consumeoutof wealth,theexpectedgrowth
rate,theportfolio shares,andtheexpectedinterestrateongovernmentbondsarepositive
andthe transversalityconditionis satisfied.In contrastto this, in thewhite areaat least
oneof theseconditionsis violated. Thespaceof feasiblesolutionsdecreaseswith a rise
in transferpayments.With a large transferrate,high tax rateson meanincomeonly go
alongwith relatively low tax ratesonstochasticincomecomponents.

Figure2 displaysparametercombinationsof the two tax ratesandthe transferrate
whereGτd � 0 andGτs N 0 within feasiblesolutionsof the model. It canbe seenfrom
the plot, that positive welfare effects of increasingτd and vice versain τs arisefor a

9Thereis no possibility for Ponzi–gamesaswe requirethetransversalitycondition(17) to besatisfied.
Theargumentrelatedto proposition2 applies.
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combinationof relatively hightransferstogetherwith averyhightaxrateondeterministic
incomecomponentsanda negligible rateon stochasticones. Given the varianceof the
technologicaldisturbance,counter–intuitive welfareeffectsmayonly bederived if there
is a tax policy with a high tax ratein meanincome,τd m 1, anda relatively low income
tax rateon randomincomeparts,τs m 0, asalreadydiscussedfor proposition5.
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Figure2: ‘Paradoxical’welfareeffectsof adifferentialtax policy

6 Conclusion

In thispaperwedevelopedacontinuous–timestochasticendogenousgrowth modelwith a
positiveproductionexternalitydueto humancapitalaccumulation.Assumingdifferential
tax rateswith respectto deterministicandstochasticcomponentsof income,weanalyzed
growth andwelfareeffectsof a changein proportionalincometaxation. We found that
increasesin therespective tax ratehavecontraryeffectson theexpectedgrowth rate,thus
confirming the well–known resultsfrom literatureon tax incidence. Taxationof mean
incomereducesexpectedgrowth. Taxationof transitoryincomeincreasesthegrowth rate,
asthegovernmentsharespartof theincomerisk. We demonstratedthata differentialtax
policy mayhave thewelfareeffectsusuallyexpectedin this setting.Undercertaincondi-
tions, thedistortionaryeffect of taxationof permanentincomereduceswelfare,whereas
the insuranceeffect of taxationof transitoryincomeleadsto welfaregains. But what is
moreinteresting,we derivedwelfareeffectsthatcontradictthecommoneconomicintu-
ition. A decreasein the expectedgrowth ratedueto taxationmay occur togetherwith
welfaregains,whereasonewould usuallyrelatethis situationto welfarelosses.Theop-
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positeresultswereobtainedfor an increasein the tax rateon stochasticincomeparts:
An increasein thegrowth rateis possiblyaccompaniedby a decreasein welfare. These
findingscanmainly beascribedto theinteractionof consumptionandportfolio choicein
thedeterminationof equilibriumgrowth andwelfare.
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